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NOMENCIATURE 
The folio-wing i s a l i s t of l e t t e r s and symbols that are used 
throughout th i s t h e s i s : 
A Fixed cost incurred each time an order i s placed. 
B Average/expected number of backorders at any point in 
time 
C Unit cost of an item. 
Unit conversion cost from product i t o product j . 
C g j Transportation cost from source t o inventory j . 
D Rate of demand. 
E Expected number of backorders incurred in a year . 
F Expected on-hand plus on-order inventory. 
H Expected a l l o c a t i o n c o s t s . 
I Carrying charge. 
J Transportation cost per unit from factory t o -warehouse. 
K Cost function for system -with free and instantaneous 
red is tr ibut ion and assembly of product 1 . 
L Lagrangian function. 
M Inventory l e v e l a t -which red i s tr ibut ion i s considered. 
P Rate of production; complementary cumulative density 
function p r e f i x . 
P 0 ut Probabi l i ty that the system i s out of stock at any point-
in t ime. 
vi 
Q Reorder quantity. 
R Expected cost associated with hitting an M level (when 
double subscripted); function notation prefix for 
expected, redistribution costs. 
S Safety stock. 
T Length in time of one period. 
TC Total cost function for system. 
T C j Cutoff time for inventory j . 
Tmj Time between receipt of first increment of an allocation 
to achievement of maximum inventory level for the period. 
T Q Time of arrival of first increment of previous allocation. 
U Function notation prefix used in redistribution rule 
development. 
V Average annual transportation cost for the deterministic 
system; function notation prefix used in redistribution 
rule development. 
W Total amount of warehouse space available; expected 
shortage cost when subscripted and used as function 
notation prefix. 
X General purpose variable« 
Y General prupose variable; function notation prefix used 
in development of allocation rule, 
Z Expected annual costs of redistribution and stockouts. 
a Cost per unit of assembling components into finished 
products. 
b Number of backorders incurred during a period. 
V I I 
C S U B S C R I P T . 
& D I F F E R E N T I A L P R E F I X , 
E M A T H E M A T I C A L Q U A N T I T Y , 
F F U N C T I O N N O T A T I O N P R E F I X . 
G M A X I M U M I N V E N T O R Y L E V E L A C H I E V E D D U R I N G A P E R I O D (•WHEN 
S U B S C R I P T E D ) . 
H F U N C T I O N N O T A T I O N P R E F I X , 
I S U B S C R I P T O R G E N E R A L P U R P O S E V A R I A B L E , 
J S U B S C R I P T O R G E N E R A L P U R P O S E V A R I A B L E , 
K S Y S T E M R E O R D E R P O I N T . 
1 G E N E R A L P U R P O S E V A R I A B L E , 
M S U B S C R I P T . 
P P R O B A B I L I T Y D E N S I T Y F U N C T I O N P R E F I X , 
Q A L L O C A T I O N Q U A N T I T I E S F O R D E T E R M I N I S T I C M O D E L (-WHEN 
S U B S C R I P T E D ) . 
R N U M B E R O F U N I T S DEMANDED I N T H E S Y S T E M S I N C E T H E L A S T 
A L L O C A T I O N . 
S NUMBER O F B A E K O R D E R S A T T I M E O F A R R I V A L O F F I R S T I N C R E ­
M E N T O F A NEW O R D E R . 
T I N S T A N T A N E O U S M E A S U R E O F T I M E ; T I M E S I N C E P R E V I O U S 
A L L O C A T I O N WHEN A N I N V E N T O R Y R E A C H E S I T S M L E V E L . 
T £ J T I M E F O R -WHICH B A C K O R D E R J E X I S T S I N P E R I O D I . 
T A T I M E M E A S U R E D F R O M WHEN A N M L E V E L I S R E A C H E D U N T I L 
A R R I V A L O F T H E F I R S T I N C R E M E N T O F T H E N E X T A L L O C A T I O N . 
T . T I M E , M E A S U R E D FROM T H E T I M E I N V E N T O R Y J R E A C H E S M , . U N T I L 
C U T O F F T I M E , TQ±. 
vii i 
u General purpose variable; on-hand inventory at cutoff 
time. 
v Transportation cost per cycle for deterministic model. 
w Amount of warehouse space consumed per unit (when sub­
scripted); demand against an inventory during redistri­
bution lead time. 
x Redistribution quantity (when double subscripted); gen­
eral purpose variable. 
y On-hand inventory at any point in time; on-hand inventory 
when an inventory reaches its M level; on-hand inventory 
when an allocation is to be made. 
z Amount demanded in time T f f lj. 
Greek Letters 
oi Critical probability of incurring one or more backorders 
in redistribution lead time (when subscripted); function 
notation prefix. 
TT Fixed cost associated with each backorder. 
TT Cost proportional to length of time for which backorder 
exists. 
£ Time since observation of the inventory system was begun. 
5 Total number of backorders incurred during a period. 
A Unit years of shortage incurred during a period. 
T Production lead time; redistribution lead time (when 
double subscripted). 
r Function notation prefix associated with redistribution 
rule development, 
ix 
9 On-hand inventory immediately after arrival of a redis 
tribution. 
Y Part of expected cost of redistribution, 
p Lagrange multiplier. 
X 
SUMMARY 
The objective of this thesis is to develop a model of a single-
source, two-product inventory system where both products are stored in 
the same factory warehouse and are partially interchangeable through 
minor modifications. Although the system consists of two products and 
one warehouse, the approach used in formulating the model is one in 
which one source supplies two separate warehouses with the same product. 
This approach is possible because the redistribution between the two 
products within the same warehouse is analogous to redistribution of 
one product between two separate warehouses since the time and cost 
factors are similar. 
The procedure for the development of the model is to first 
develop a model for the system when demands against the inventories 
are deterministic. Following that, a model is developed for the system 
when the demands against the inventories are stochastic in nature. A 
general approach to optimization of each model is discussed. 
The development of the deterministic model consists of the 
formulation of a total cost function for the system and the develop­
ment of a constraint representing the warehouse space restriction. 
It is shown that redistribution for the system is never an optimal 
policy when demands are deterministic and is therefore excluded from 
the model. 
The development of the stochastic model is conducted in three 
phases: (l) the formulation of a total cost function and a warehouse 
XI 
SPACE CONSTRAINT, (2) THE FORMULATION OF A FUNCTION TO DETERMINE THE 
REDISTRIBUTION RULE, AND (3) THE FORMULATION OF A FUNCTION TO DETER­
MINE THE AMOUNT OF EACH ORDER TO ALLOCATE TO EACH INVENTORY. TO 
FACILITATE AN ECONOMICAL SOLUTION TO THE MODEL, THE TOTAL COST FUNCTION 
IS THEN REDUCED IN SIZE AND COMPLEXITY BY MAKING SOME SIMPLIFYING 
ASSUMPTIONS AND APPROXIMATIONS. 
CERTAIN CONCLUSIONS CAN BE MADE AS A RESULT OF THIS STUDY. IT 
IS DEMONSTRATED THAT THE MULTI-WAREHOUSE APPROACH TO FORMULATING A 
MODEL IS APPROPRIATE FOR USE IN SINGLE WAREHOUSE, MULTI-PRODUCT SYSTEMS 
WHERE PRODUCTS ARE INTERCHANGEABLE. IN ADDITION, THE MODELS DEVELOPED 
ARE OF SUFFICIENT COMPLEXITY TO MAKE THE OPTIMIZATION PROCESS DIFFICULT. 
ALTHOUGH THE LAGRANGE MULITPLIER METHOD CAN BE USED FOR THE DETERMINISTIC 
MODEL, THE NONLINEAR SIMULTANEOUS EQUATIONS RESULTING FROM THIS METHOD 
MUST BE SOLVED USING THE DIGITAL COMPUTER. AS AN ALTERNATIVE, COMPUTER­
IZED SEARCH TECHNIQUES MAY BE EMPLOYED TO FIND A NEAR-OPTIMAL POLICY. 
SEARCH TECHNIQUES MUST ALSO BE EMPLOYED TO FIND A NEAR-OPTIMAL POLICY 
FOR THE STOCHASTIC MODEL. BECAUSE THE STOCHASTIC MODEL IS COMPOSED 
OF THREE SEPARATE COST FUNCTIONS, THE OPTIMIZATION PROCESS IS MADE 
SIMPLER. 
C H A P T E R I 
I N T R O D U C T I O N 
I N R E C E N T Y E A R S I N V E N T O R Y T H E O R Y H A S E V O L V E D A S A D I S C I P L I N E O F 
C O N S I D E R A B L E I M P O R T A N C E . S I N C E WORLD WAR I I T H E P R E S S U R E F O R O P E R A T I N G 
C A P I T A L H A S MADE B U S I N E S S I N C R E A S I N G L Y AWARE O F I N V E N T O R Y AS A FORM O F 
I N V E S T M E N T . O B V I O U S L Y , C A P I T A L T H A T I S I N V E S T E D I N I N V E N T O R Y I S N O T 
A V A I L A B L E F O R I N V E S T M E N T I N O T H E R A C T I V I T I E S . O N T H E O T H E R H A N D , SOME 
C A P I T A L M U S T B E I N V E S T E D I N I N V E N T O R Y I N O R D E R T O M E E T C U S T O M E R D E M A N D . 
I F T H E R E I S I N S U F F I C I E N T I N V E N T O R Y T O F I L L C U S T O M E R D E M A N D S , T H E N T H E R E 
A R E C O S T S T O T H E M A N U F A C T U R E R I N T E R M S O F L O S T S A L E S , E X P E D I T E D P R O ­
D U C T I O N , R E D I S T R I B U T I O N , A N D O T H E R F O R M S . O N T H E O T H E R H A N D , T H E 
G R E A T E R T H E AMOUNT O F I N V E N T O R Y , T H E G R E A T E R T H E C O S T S T O T H E M A N U ­
F A C T U R E R I N T E R M S O F T A X E S , S T O R A G E R E Q U I R E M E N T S , L O S T I N V E S T M E N T 
O P P O R T U N I T I E S E L S E W H E R E , A N D O T H E R S . I N A D D I T I O N , I F T H E P R O D U C T 
H A P P E N S T O B E S O M E T H I N G T H A T B E C O M E S O B S O L E T E O R U N S A L A B L E W I T H T I M E , 
T H E N T O O M U C H I N V E N T O R Y C A N R E S U L T I N C O S T S T O T H E M A N U F A C T U R E R I N 
T E R M S O F U N S A L A B L E P R O D U C T S . T H E B A S I C P R O B L E M O F I N V E N T O R Y P O L I C Y , 
T H E N , I S T O S T R I K E A B A L A N C E B E T W E E N O P E R A T I N G S A V I N G S A N D T H E C O S T A N D 
C A P I T A L R E Q U I R E M E N T S A S S O C I A T E D W I T H I N V E N T O R Y S T O C K A G E L E V E L S . 
N E E D F O R I N V E N T O R Y C O N T R O L 
T H E Q U E S T I O N M I G H T B E P O S E D , WHY H A S T H E N E E D F O R S O U N D M E T H O D S 
O F I N V E N T O R Y M A N A G E M E N T I N C R E A S E D SO S I G N I F I C A N T L Y I N T H E P A S T 25 Y E A R S ? 
M A G E E A N D BOODMAN (5) H A V E I N D I C A T E D T H A T I N T H E P A S T B U S I N E S S M E N H A V E 
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been able to use an intuitive understanding of their business needs to 
achieve a reasonably balanced inventory policy. However, as businesses 
grew in complexity, intuition became less adequate as a means of main­
taining an economical balance. Business executives became more special­
ized in their jobs and became farther removed from direct operations. 
In addition, technology became more advanced; i .e . , the tools for 
operating complex inventory systems are much more advanced now than 
they were 25 years ago. These include advanced clerical procedures, 
better communications and transportation facilities, and high speed 
digital computers capable of solving heretofore unsolvable inventory 
models. 
Other factors have also lead to the rapid development of scien­
tific methods of inventory control. In addition to organizations being 
larger and more complex, they, for the most part, operate on a much 
more narrow margin of profit than before. Because of this, business 
management can no longer afford the luxury of "seat-of-the-pants" 
intuitive decision making. Although it cannot be said that scientific 
inventory control eliminates al l risks in decision making, it can be 
said that it reduces the risks by enabling the manager to make a more 
knowledgeable decision. Associated with the margin of profit factor 
are the pressure for capital and growth of return on investment as a 
measure of business performance (5). Thus capital budgeting methods 
have caused an increased consciousness of the amount invested in 
inventories. Also, the trend toward heavy fixed investment to reduce 
direct-labor cost versus pressure from labor for employment stability 
have forced more careful future planning of inventories. Magee and 
3 
Boodman describe in detail other implications of inventory management 
that provide background for the development of scientific production 
and inventory control. 
Classification of Inventory Models 
The basic vehicle for analysis of inventory systems is a mathe­
matical model. Because there are so many different types and sizes of 
inventory systems, there are numerous ways of describing them mathe­
matically. These models vary from simple to very complex. In most 
cases certain approximations and simplifications have to be made in 
constructing the model since it is seldom feasible or economical to 
represent the real world with complete accuracy. In the final analysis, 
however, two fundamental questions must be answered by all models of 
inventory systems: (a) when to replenish the inventory, and (b) how 
much to order for replenishment. 
The complete classification of an inventory system can include 
many descriptive factors. A discussion of these can be found in 
Chapter I of ( l l ) . As an example, one factor is the echelon structure 
of the system. The system is single echelon or multiechelon depending 
on whether an item is stocked at a single point or at many points in 
the system. In most cases, however, inventory models are classified 
in terms of the type demands (deterministic or stochastic) against the 
inventories, the type of reordering policy used (lot size or order-to-
R), the echelon structure of the system, the type of review or report­
ing of demands against the system (periodic review or transactions 
reporting), and the type of stockouts permitted (backorders or lost 
sales). However, it takes much more than these factors to totally 
describe a system. 
The inventory system that we will be concerned with in this 
study can be described as a single echelon, multi-warehouse system in 
which the demands against each inventory are stochastic in nature. 
Demands that occur when the system is out of stock are backordered, 
and redistribution between warehouses is permitted. The method of 
transactions reporting will be used, and a set lot size will be 
ordered each time the system inventory position (on-hand inventory 
plus on-order inventory minus backorders) reaches a certain reorder 
point. The system will be described in detail in the following section. 
Description of the Problem 
Our system consists of two related products that are stored in 
the same factory warehouse to meet future demands (see Figure l ) . Both 
products are used essentially for the same type function and, in their 
finished form, are identical in all respects with the exception that 
one product receives additional customization to the purchaser's 
specifications and the other is plain. The plain product is referred 
to as product 1 and the customized product as product 2. 
Each product is manufactured by the same factory and by 
essentially the same process, differing only in the final production 
stage. The manufacturing process produces an identical number of 
components each time the process is run. A portion of the components 
is then allocated to the product 1 inventory and the remainder alio- . 
cated to the product 2 inventory. Those components allocated to the 
S O U R C E O F 
P R O D U C T I O N 
A L L O C A T I O N D E C I S I O N 
A S S E M B L Y O F 
P R O D U C T 1 
W A R E H O U S E 
P R O D U C T 1 
I N V E N T O R Y L ^ - R E D I S T R I B U T I O N 
P R O D U C T 2 
I N V E N T O R Y 
D E M A N D S DEMANDS 
F I G U R E 1 . S Y S T E M D I A G R A M 
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P R O D U C T 2 I N V E N T O R Y M U S T B E S T O R E D I N T H E W A R E H O U S E U N A S S E M B L E D . WHEN 
A DEMAND F O R P R O D U C T 2 I S R E C E I V E D , T H E I T E M S A R E T H E N C U S T O M I Z E D T O 
T H E S P E C I F I C A T I O N S A N D A S S E M B L E D . T H E Y M U S T B E U N A S S E M B L E D F O R C U S T O M ­
I Z I N G . T H O S E COMPONENTS A L L O C A T E D T O T H E P R O D U C T 1 I N V E N T O R Y A R E 
F I R S T A S S E M B L E D A N D T H E N S T O R E D I N T H E W A R E H O U S E I N T H E I R F I N I S H E D 
F O R M . WHEN A DEMAND F O R P R O D U C T 1 I S R E C E I V E D , T H E R E I S NO C U S T O M ­
I Z I N G OR A S S E M B L Y P R O C E S S T O B E U N D E R G O N E P R I O R T O F I L L I N G T H E O R D E R . 
B O T H I N V E N T O R I E S A R E S T O R E D I N T H E SAME W A R E H O U S E . T H E R E I S 
O N L Y O N E W A R E H O U S E A V A I L A B L E F O R S T O R A G E O F T H E TWO I N V E N T O R I E S , A N D 
I T S L I M I T E D AMOUNT O F F L O O R - S P A C E I M P O S E S A C O N S T R A I N T O N T H E T O T A L 
A M O U N T O F S Y S T E M I N V E N T O R Y T H A T MAY B E S T O R E D . T H A T I S , T H E TWO 
T Y P E S O F P R O D U C T S M U S T C O M P E T E W I T H E A C H O T H E R W I T H R E S P E C T T O T H E 
L I M I T E D W A R E H O U S E S P A C E . 
NORMAL P R O D U C T I O N C O S T S A S S O C I A T E D W I T H T H E TWO T Y P E S O F P R O ­
D U C T S D I F F E R I N T H A T A N A D D I T I O N A L A S S E M B L Y C O S T I S I N V O L V E D W I T H 
P R O D U C T 1 WHEREAS T H E C O S T S O F C U S T O M I Z I N G A N D A S S E M B L Y O F P R O D U C T 
2 A R E B O R N E B Y T H E P U R C H A S E R I N T H E FORM O F A H I G H E R M A R K E T P R I C E . 
I N O T H E R WORDS, T H E M A N U F A C T U R E R P A Y S T H E A S S E M B L Y C O S T F O R P R O D U C T 1 
W H I L E T H E P U R C H A S E R P A Y S B O T H T H E A S S E M B L Y A N D T H E C U S T O M I Z I N G C O S T S 
F O R P R O D U C T 2 . 
F O R T H E I N I T I A L F O R M U L A T I O N O F T H E M O D E L T H E R A T E O F DEMAND 
F O R E A C H P R O D U C T W I L L B E A S S U M E D T O B E KNOWN A N D C O N S T A N T W I T H R E S P E C T 
T O T I M E . A S E C O N D F O R M U L A T I O N W I L L B E MADE F O R DEMANDS W H I C H A R E 
S T O C H A S T I C I N N A T U R E B U T R E A S O N A B L Y P R E D I C T A B L E I N A C C O R D A N C E W I T H 
KNOWN P R O B A B I L I T Y D I S T R I B U T I O N S . F O R B O T H D E T E R M I N I S T I C DEMANDS A N D 
S T O C H A S T I C DEMANDS A N Y DEMAND A G A I N S T E I T H E R I N V E N T O R Y T H A T C A N N O T B E 
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met because of insufficient on-hand inventory will be backordered until 
there is sufficient inventory on hand to f i l l the order. Also, in 
both the deterministic-demand model and the stochastic-demand model 
redistribution between the two inventories will be considered as a 
possible alternative to incurring stockouts. 
Because of the similarities between product 1 and product 2, 
redistribution between the two inventories can be effected, but at a 
cost in time and money. As an example, if it is anticipated that 
future demands for product 1 will exceed the on-hand inventory of pro­
duct 1, then a portion of product 2 inventory can be converted to pro­
duct 1 items by assembling the unassembled components. This process 
would require time and money, and would be at the expense of the 
manufacturer. Similarly, if shortages are anticipated for the pro­
duct 2 inventory, a portion of the product 1 inventory can be con­
verted to product 2 items by disassembling, customizing, and reassembl­
ing the proudct 1 items. This process would take more time and result 
in a much higher cost to the manufacturer, as disassembly is assumed 
to be more expensive than assembly. As mentioned earlier, the redis­
tribution process is an alternative to incurring backorders, but the 
relative costs involved must be considered in the establishment of 
the optimal operating policy. 
Since redistribution between the two inventories involves an 
expense to the manufacturer in terms of both time and money and since 
demands against the two inventories are independent of each other, the 
system can be thought of as consisting of two warehouses. Normally, 
in a multi-warehouse situation the redistribution costs involved are 
8 
T R A N S P O R T A T I O N C O S T S A N D S H I P P I N G T I M E B E T W E E N W A R E H O U S E S . T H I S P R O B L E M 
H A S O N J Y O N E W A R E H O U S E , A N D T H U S T R A N S P O R T A T I O N C O S T S A N D S H I P P I N G T I M E 
B E T W E E N T H E TWO I N V E N T O R I E S A R E N O T F A C T O R S ; H O W E V E R , T H E L A B O R C O S T 
I N V O L V E D I N C O N V E R T I N G FROM O N E P R O D U C T T O A N O T H E R A N D T H E T I M E I N V O L V E D 
I N S U C H A P R O C E S S C A N B E S U B S T I T U T E D F O R T H E T R A N S P O R T A T I O N C O S T A N D 
S H I P P I N G T I M E R E S P E C T I V E L Y . T H I S P R O B L E M C A N T H E R E F O R E B E C L A S S I F I E D 
A S H A V I N G S I N G L E - E C H E L O N , M U L T I - W A R E H O U S E C H A R A C T E R I S T I C S W I T H T H E 
S U P P L Y O F P R O D U C T S T O E A C H I N V E N T O R Y ( W A R E H O U S E ) C O M I N G F R O M A S I N G L E 
S O U R C E . 
A S I S O F T E N T H E C A S E W I T H F A C T O R Y W A R E H O U S E S , O R D E R S T O R E P L E N I S H 
T H E R E S P E C T I V E I N V E N T O R I E S A R E N O T R E C E I V E D I N T O T A L L O T S A T O N E T I M E 
A T T H E W A R E H O U S E B U T , I N S T E A D , A R E S E N T T O T H E W A R E H O U S E I N P A R T I A L 
L O T S A S T H E Y A R E P R O D U C E D A T T H E F A C T O R Y . I T W I L L B E A S S U M E D F O R T H I S 
P R O B L E M T H A T T H E R A T E O F P R O D U C T I O N , P , W I L L B E F I N I T E , C O N S T A N T W I T H 
R E S P E C T T O T I M E , A N D I N D E P E N D E N T O F T H E Q U A N T I T Y O R D E R E D . A S A N E X A M P L E , 
A F T E R A F I X E D P R O D U C T I O N S E T - U P T I M E KNOWN A S P R O D U C T I O N L E A D T I M E , I T W I L L 
B E G I N T O P R O D U C E T H E P R O D U C T S ( I N T H E FORM O F S E P A R A T E C O M P O N E N T S ) A T 
T H E R A T E O F P U N I T S P E R Y E A R . A S T H E P R O D U C T S A R E P R O D U C E D , T H E Y A R E 
S E N T I M M E D I A T E L Y T O T H E R E S P E C T I V E I N V E N T O R I E S I N T H E A M O U N T S D E T E R M I N E D 
B Y T H E A L L O C A T I O N D E C I S I O N R U L E . C O M P O N E N T S D E S T I N E D F O R T H E P R O D U C T 
1 I N V E N T O R Y W I L L H A V E T O U N D E R G O T H E A D D I T I O N A L S T A G E O F A S S E M B L Y B E F O R E 
B E C O M I N G A P A R T O F T H E I N V E N T O R Y . A F T E R T H E E N T I R E O R D E R O F Q U N I T S 
H A S B E E N P R O D U C E D B Y T H E F A C T O R Y , T H E P R O D U C T I O N P R O C E S S W I L L B E S T O P P E D 
U N T I L A N O T H E R O R D E R F O R Q U N I T S I S R E C E I V E D FROM T H E W A R E H O U S E . 
I T W I L L B E A S S U M E D F O R T H I S P R O B L E M T H A T O R D E R S W I L L B E MADE O N 
A S Y S T E M - W I D E B A S I S B Y T H E C E N T R A L C O N T R O L P O I N T W H I C H I S K E P T C O N S T A N T L Y 
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informed of the inventory l eve l s through transactions reporting; that 
i s , when a demand against one of the inventories i s f i l l e d , the central 
control point i s immediately not i f i ed of the deplet ion of that inventory 
by the amount of the f i l l e d demand. When the system reorder point , k, 
i s reached, an order for Q units w i l l be sent to the fac tory . The r e ­
order point , k, w i l l be based on the inventory pos i t ion of the t o t a l 
inventory system, i . e . , the combination of both the product 1 and pro­
duct 2 inventor ies . I t s value w i l l be establ ished as part of the 
optimal operating po l icy to be developed in Chapter IV. 
Two a l ternat ive methods of system operation warrant consideration. 
One a l t ernat ive i s t o completely el iminate any redis tr ibut ion between 
the two inventories and operate the system as two separate inventory 
systems with each inventory having i t s own reorder point and reorder 
quantity. This approach might be j u s t i f i e d when the red i s tr ibut ion 
costs are so high that red i s tr ibut ion would never be an optimal course 
of ac t ion . In such a s i tuat ion the involved computation procedures for 
red i s tr ibut ion can be eliminated ent i re ly and models developed for two 
separate inventor ies . A second a l t ernat ive method of operation would 
be to t rea t the system as consis t ing of only one inventory where only 
unassembled components are stored in the warehouse. When a demand for 
product 1 occurs, the necessary components are assembled to f i l l the 
demand; and when a demand for product 2 occurs, the necessary components 
are customized and assembled. This method would a l so el iminate the 
need for red i s tr ibut ion computation and would be appropriate in a 
s i tuat ion where transportat ion and assembly costs and product- to-
customer lead time are s u f f i c i e n t l y small to warrant i t s use in l i e u 
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of separate inventories for product 1 and product 2 . 
In view of the above two a l ternat ive methods of operation, two 
further assumptions must be made to j u s t i f y the use of our method of 
operation. One assumption i s that the costs of redis tr ibut ion are in 
ranges which cause red is tr ibut ion to frequently be an optimal course 
of ac t ion . This would make the red is tr ibut ion computation necessary. 
The second assumption i s that the r e l a t i v e transportat ion, assembly, 
and time costs involved when a demand for product 1 occurs are suf­
f i c i e n t l y high to warrant the maintenance of two separate inventories 
of assembled and unassembled components. 
Appl icat ions of the Model 
This sect ion w i l l discuss two potent ia l appl icat ions of the 
model. Consider a production process for p l a s t i c boxes that are used 
primarily as containers for hardware or jewelry. The system cons is ts 
of two types of p l a s t i c boxes that are stored in the same factory ware­
house t o meet future demands. Both boxes are the same with the excep­
t i o n that one box i s engraved on the top to the buyer's spec i f i cat ions 
and the other i s sold p l a i n . The engraved box w i l l be referred to as 
the custom model and the p la in box as the standard model. In order for 
engraving to take place for the custom model, the box must be i n an 
unassembled s t a t e . Therefore, the component tops and bottoms for the 
custom model are stored in the warehouse unassembled and the standard 
boxes are stored assembled. I f the standard inventory i s out of stock 
when a demand against i t occurs, i t can be seen that red i s tr ibut ion can 
be e f fected by assembling some of the tops and bottoms of the custom 
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inventory to form standard models. Redistribution can a l so be e f fected 
from standard to custom inventories , but t h i s would e n t a i l disassemb­
l ing standard models. Experience has demonstrated a high breakage rate 
in the disassembly process . Therefore, redis tr ibut ion from the standard 
t o custom inventories would be a t a much higher cost and probably would 
not take p lace . The model treated in t h i s inves t igat ion adequately 
describes the system i f we can l e t product 1 represent the standard 
model and product 2 represent the custom model. 
As a second example, consider a firm that stocks s t e e l beams to 
meet ant ic ipated future needs. Suppose a part icu lar cross - sec t ion of 
beam i s normally stocked in two standard lengths, s ( short ) and 1 ( l o n g ) . 
The same production process produces the beams with the exception that 
the ends of the short beams are f inished and the ends of the long beams 
are l e f t unfinished. The short beams are sold in t h e i r f inished form 
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without any further modif icat ion. The long beams are cut in length and 
f inished to the buyer's spec i f i ca t ions . I f a demand for s occurs and 
the s inventory i s out of stock, red is tr ibut ion can be e f fected from 
the 1 inventory to the s inventory by shortening 1 and f in i sh ing the 
ends. I f 1 i s out of stock when a demand occurs, red i s tr ibut ion can 
be e f fected from s to 1 only i f the buyer wants a beam that i s l e s s 
than or equal to the length of s . I f the buyer wants a longer beam 
than s, red i s tr ibut ion cannot be e f f ec ted . The model treated in t h i s 
inves t igat ion describes t h i s system i f we l e t product 1 represent 
short beams and product 2 represent long beams. The only di f ference 
l i e s in the red i s tr ibut ion from s to 1 i f the buyer wants a beam 
longer than s . This can be r e c t i f i e d by a s l i gh t modification in 
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model development. 
Method of Optimization 
Having formulated a model representing the system, the next step 
i s t o use i t as an a id in developing a su i table operating doctrine for 
the system. In most cases i t i s des irable to arr ive a t a po l i cy that 
w i l l e i ther maximize p r o f i t s or minimize c o s t s . I d e a l l y , i t would be 
des irable to use ana ly t i ca l techniques to arr ive a t a doctr ine . For 
the simpler models t h i s might involve merely the taking of p a r t i a l 
der ivat ives , se t t ing them equal t o zero, and solving for the desired 
quant i t i e s . Other more complex models might be optimized through 
dynamic programming. S t i l l other models might be of such complexity, 
even a f t er reasonable s implifying assumptions are made, that the only 
recourse i s t o use computer simulation techniques to examine a sample 
number of doctr ines . This i s the l e a s t des irable method since i t i s 
seldom poss ib le to determine the optimal doctr ine . The most that can 
be expected from simulation i s t o s e l ec t a best po l i cy from the ones 
that are examined. 
For our problem the objec t ive w i l l be to minimize a t o t a l cost 
function in order t o determine the optimal values for the reorder 
quantity and the reorder po in t . In addit ion, s ince we w i l l a l s o be 
concerned with a system that has a s ingle source and more than one 
inventory, we w i l l need to determine the optimal a l l o c a t i o n po l i cy 
( i . e . , how much of the reorder quantity t o be sent to each inventory) 
and the optimal red i s tr ibut ion po l i cy (how much t o transfer from one 
inventory to the o t h e r ) . The formulation of our model w i l l be 
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described in d e t a i l in Chapter I I I , and the spec i f i c approaches to 
arr iv ing a t the optimal operating doctrine w i l l be discussed in Chapter 
IV. 
Ik 
CHAPTER I I 
LITERATURE SURVEY 
The l i t e r a t u r e that encompasses the d i s c i p l i n e of s c i e n t i f i c 
inventory control i s vast by the most modest of est imates . Therefore, 
i t w i l l not be the purpose of t h i s chapter t o acquaint the reader with 
the ent ire f i e l d of inventory theory. There are many a r t i c l e s and 
books ava i lab le that deal s p e c i f i c a l l y with surveys of the important 
works in inventory theory. Most of these works have exce l lent b i b l i o ­
graphies which provide points of departure for more extensive research 
into part icu lar areas of inventory theory. One par t i cu lar ly good 
survey was done by Veinott ( 2 0 ) . His survey deals mainly with works 
in the area of m u l t i - i n s t a l l a t i o n and multi-product inventory theory. 
Another a r t i c l e by Ig lehart ( 1 * 0 , though somewhat b r i e f in descr ipt ion, 
contains an exce l lent bibliography of important works in the f i e l d . 
For the purposes of t h i s study only those works that have bear­
ing on our problem w i l l be discussed. The problem w i l l be treated as 
a s ing le echelon, m u l t i - i n s t a l l a t i o n problem with a s ing le source of 
supply. In r e a l i t y , the problem i s ac tua l ly a multi-product, s ing le 
i n s t a l l a t i o n , s ing le echelon problem that has a s ingle source of 
supply. However, the products are re la ted in such a manner as t o 
permit conversion from one type product t o another by addi t ional pro­
cess ing . Since the a l t e r a t i o n processes would take time and cost 
money, the product inventories can be looked upon as being in separate 
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warehouses with redis tr ibut ions between warehouses permitted. I t can 
be seen that multi-product and m u l t i - i n s t a l l a t i o n problems are s imi lar 
in many respec t s . 
The f i r s t a r t i c l e s published on m u l t i - i n s t a l l a t i o n problems 
were by Clark and Scarf ( 6 ) , (7). They deal t with a multi-echelon 
system where i n s t a l l a t i o n 1 received stock from 2 and 2 received stock 
from 3> e t c . Using periodic review of on-hand inventory at the lowest 
l e v e l in the system, they developed a dynamic programming funct ional 
equation for the expected t o t a l cost for the system. They a l s o con­
s ider the case where several i n s t a l l a t i o n s are supplied from the same 
source. They compute the optimal p o l i c i e s a t each i n s t a l l a t i o n 
separately and do not a l low transshipments to take place between 
i n s t a l l a t i o n s . However, they do take into consideration the a l l o c a t i o n 
problems associated with a s ingle source supplying more than one 
i n s t a l l a t i o n . 
In a more recent a r t i c l e Bessler and Veinott (h) have considered 
a m u l t i - i n s t a l l a t i o n system consist ing of n i n s t a l l a t i o n s , each stock­
ing a common product and each drawing from the same source. The demands 
against an i n s t a l l a t i o n are s tochast ic , and any demand that cannot be 
met i s passed along to the source to be f i l l e d . I f i t cannot be f i l l e d 
a t the source, a shortage penalty i s incurred, and the demand i s back-
logged. Again periodic review of on-hand inventory i s used, and t rans ­
shipment between i n s t a l l a t i o n s i s not al lowed. Their ordering po l i cy 
i s to order su f f i c i ent stock a t the beginning of each review period t o 
bring the l e v e l of the system up t o the quantity y . They then es tab­
l i s h bounds on y , the upper bound being based on the assumption that 
16 
the source has no stock on hand and the lower bound being based on the 
assumption that the source has an i n f i n i t e supply on hand. The upper 
bound for a part icu lar f a c i l i t y i s based on the assumption that other 
f a c i l i t i e s have no stock on hand. The lower bound for a part icu lar 
f a c i l i t y i s based on the assumption that the upper bounds are stocked 
at the other f a c i l i t i e s . They then develop a procedure by which an 
approximation t o the optimal solut ion can be found. The approximation 
t o the number to be stocked at f a c i l i t y n i s obtained by computing 
the optimal number to be stocked at f a c i l i t y n assuming that f a c i l i t y 
j ( j < n) stocks i t s lower bound. To compute the number t o be stocked 
a t f a c i l i t y k, they compute the optimal quantity t o be stocked assum­
ing that for j > k, the quantity stocked i s the approximate quantity 
computed above and for j < k, f a c i l i t y j stocks i t s lower bound. I t 
turns out that a base stock l e v e l characterized by vector y i s the 
optimal po l i cy provided the i n i t i a l inventories are not too l a r g e . 
More complicated multi-echelon models are examined by Gross 
in (9); however, h i s analys is i s l imi ted t o s ing le period models. 
Zangwill , in (2L), discusses a c lass of m u l t i - i n s t a l l a t i o n , mul t i -
product models in which demands are determinis t ic . Although the 
analys is i s much more sophist icated, the approach i s s imi lar to the 
c l a s s i c a l economic l o t - s i z e problem. We w i l l i n i t i a l l y consider a 
determinist ic model f or our system using establ ished doctrine for 
economic l o t - s i z e problems. 
Hadley and Whitin (12) t rea t the case where one warehouse 
supplies an arbi trary number of i n s t a l l a t i o n s and find optimal p o l i c i e s 
within a c las s of simple r u l e s . Their approach f i t t e d reasonably we l l 
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the problem that we w i l l be concerned with in t h i s study. They assume 
demands t o be s tochast ic according to known d i s tr ibut ions and consider 
the p o s s i b i l i t y of transshipment between i n s t a l l a t i o n s in the same 
echelon. They a l so assume the method of transact ions reporting t o a 
centra l control point and the placement of an order for Q, units each 
time the system inventory pos i t ion (the sum of the i n s t a l l a t i o n inven­
tory pos i t ions ) reaches a reorder point k. Their procedure i s to 
develop an annual expected t o t a l cost function and separate functions 
for determining the optimal a l l o c a t i o n ru le and the optimal r e d i s t r i ­
bution r u l e . The t o t a l cost function i s then s impl i f ied by making 
further assumptions in order to reduce i t t o a form that i s more e a s i l y 
minimized. The functions for optimal a l l o c a t i o n ru le and optimal 
red i s tr ibut ion rule are solved using dynamic programming. 
Ig lehart and Lalchandani (15) have considered the optimal 
dynamic p o l i c i e s for one warehouse feeding two i n s t a l l a t i o n s . Here 
again, the method of periodic review i s used, and the complicating 
fac tor of red i s tr ibut ion between i n s t a l l a t i o n s i s not considered. 
Their primary concern i s the development of an optimal a l l o c a t i o n 
po l i cy for scarce resources between two i n s t a l l a t i o n s • 
An appl icat ion of m u l t i - i n s t a l l a t i o n techniques i s made by 
Bessler (3)• I t involves a system in which the inventory items are 
high individual cost parts for submarines. The supply system cons i s t s 
of a depot and a spec i f ied number of submarine tenders . An item of 
unit cost C 2 can be stocked at any of the tenders and/or the depot. 
I f the item i s required by a submarine, i t i s supplied out of tender 
s tock. I f the tender i s out of stock, the item i s requis i t ioned from 
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the depot and emergency shipped t o the depot at a cost of C Q . I f the 
depot stock i s depleted, a system shortage cos t , G-̂ , i s incurred. 
Replenishment of the depot and tenders i s made per iod ica l ly by bring­
ing the respect ive inventory l e v e l s up to c r i t i c a l values y^. Using 
dynamic programming, they arr ive a t an optimal po l i cy in the form of 
a c r i t i c a l vector of y ' s . 
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Shakun ( l 8 ) describes a multi-warehouse, s ingle-source system 
in which demands are normally d i s tr ibuted and transact ions reporting 
i s used. His object ive i s t o answer the question of whether each 
warehouse should be operated indiv idual ly on a se l f - sus ta in ing bas i s 
or whether system wide control should be used with intershipments 
between warehouses permitted. To answer t h i s question he performs a 
cost comparison between the two a l t e r n a t i v e s . He concludes that for 
items having a system-wide annual do l lar usage of $ 1 0 0 0 . 0 0 and over, 
system-wide operation i s substant ia l ly bet ter than independent ware­
house operation. However, h i s analys i s i s only a comparison between 
two a l t ernat ive systems, and i t does not produce an optimal economic 
order quantity, Q, or reorder point , k. The values for these quanti­
t i e s are extracted from a model contained i n another source. 
F ina l ly , Sadowski (17) and Frank ( 8 ) describe an appl icat ion 
of m u l t i - i n s t a l l a t i o n theory which they re fer to as the assortment 
problem. The assortment re fers t o d i f f erent s i ze s of s t e e l beams that 
are stocked in order to meet demands for construction. I f a demand 
for one s i z e beam cannot be f i l l e d , i t can be e i ther backordered or 
a larger beam can be shortened (with the resul tant waste of the 
unused portion) t o f i l l the demand. Natural ly , there are penalty 
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cos ts involved for stockouts as we l l . The optimal assortment i s the 
one which gives the greatest economy of s t e e l and, s t i l l s a t i s f i e s a l l 
demands. A dynamic programming approach i s used to determine the 
optimal assortment, and a discussion i s given on the equivalence of 
the assortment problem to the economic l o t - s i z e problem. 
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CHAPTER III 
DEVELOPMENT OF THE MODEL 
The general approach to the formulation of the system model in 
subsequent sect ions of t h i s chapter -will be t o f i r s t develop a model 
based on determinist ic demands against the two inventor ies . This w i l l 
provide a t r a n s i t i o n a l base upon which to develop a model in which the 
demands are assumed t o be stochast ic in nature. F ina l ly , a th ird model 
w i l l be developed making use of approximations to f a c i l i t a t e ease of 
formulation and optimization. A l l three model formulations w i l l resu l t 
in s ing le t o t a l cost objec t ive functions to be minimized in the pre­
sence of the warehouse-space constraint funct ion. Optimization pro­
cedures w i l l be discussed in Chapter IV. 
A Model with Deterministic Demands 
The f i r s t model that we s h a l l develop w i l l be a representation 
of the system where the demands against each inventory are known with 
certa inty and are constant over t ime. I t i s f e l t that t h i s approach 
w i l l provide a framework upon which can be constructed the more com­
plex s tochast ic demand model. While the determinist ic model i s not 
an accurate depict ion of the true system, i t may be representat ive 
enough to provide ins ight into the true behavior of the system. 
The general sequence in the development of the determinist ic 
model w i l l be as fo l lows: 
( l ) Develop the cost function, K, for a system in which 
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red i s tr ibut ion between inventories and assembly of product 2 units 
are assumed to be free and instantaneous. 
(2) Develop the t o t a l cost function, TC, for the system when 
the assumption of free and instantaneous red i s tr ibut ion i s dropped. 
(3) Develop the a l l o c a t i o n decis ion function and incorporate 
i t into the t o t a l cost function. 
(k) Develop the warehouse constraint function. 
Development of the Cost Function with Free Redistr ibution 
Under the assumption of f ree and instantaneous red i s tr ibut ion 
and product 2 assembly the two inventories may be treated as a s ing le 
inventory, and the formulation process i s great ly s impl i f i ed . The 
costs that must be contained i n the cost expression, K, are simply 
the procurement, inventory, and system shortage c o s t s . For t h i s 
problem, K w i l l represent the average annual cost for the system. 
The procurement cost for the system cons is ts of three part s : 
( l ) a f ixed cost A incurred each time an order i s placed; (2) the 
unit cost of the item, C(Q); and (3) transportat ion costs from factory 
t o warehouse. I f a quantity Q units i s ordered each time the inventory 
pos i t ion of the system reaches a value, k, and the system rate of 
demand i s D units per year, then the number of orders placed per year 
must average t o D/Q over the long term. Thus, the average f ixed pro­
curement cost per year i s AD/Q. The average yearly var iable cost per 
year w i l l be DC(Q). However, i t w i l l be assumed for t h i s problem that 
the unit pr ice of an item i s independent of the quantity ordered. 
Consequently, C(Q) w i l l be a constant, C, and DC w i l l be independent 
of Q and the reordering r u l e . I t w i l l a l s o be assumed that the 
2 2 
transportat ion costs (J dol lars per item) between factory and ware­
house are independent of the quantity ordered. Consequently, the 
average year ly transportation cos t s , JD, w i l l a l so be independent of 
Q, and the reordering ru le . Thus, the average annual procurement cost 
w i l l consist only of the f ixed cost AD/0,. A more detai led development 
of the above can be found in ( l l ) . 
We must next consider the inventory carrying costs for the 
system. Here we w i l l make the assumption that the instantaneous rate 
at which inventory carrying costs are incurred are proportional to the 
investment in inventory at that point in t ime. I t w i l l a l so be assumed 
that I , the constant of proport ional i ty , i s known approximately and i s 
constant with respect to t ime. I t i s measured in terms of do l lars per 
year per do l lar of inventory invested. The symbol, I , w i l l be referred 
t o as the carrying charge and w i U be used as a simplifying approxi­
mation of the cumulative and instantaneous e f f ec t s upon carrying costs 
by such factors as insurance, taxes , breakage, p i l f e r a g e , warehouse 
maintenance, and l o s t opportunity. Lost opportunity refers t o the 
amount of income that i s l o s t by having c a p i t a l t i e d up in inventory 
rather than in some other investment that y i e lds a return. The carry­
ing charge i s explained more thoroughly in Chapter I of ( l l ) . 
I t has been shown by Hadley and "Whitin ( l l ) that the inventory 
carrying costs per year must be IC times the average inventory. How­
ever, in determining the average inventory we must contend with such 
factors as i n t e g r a l i t y of demand, f i n i t e production r a t e , and the 
p o s s i b i l i t y of stockouts. I t w i l l be assumed that a l l demands w i l l 
be met from the stock on hand and that any demand which cannot be met 
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because of insuf f i c i en t stock on hand w i l l be backordered u n t i l suf­
f i c i e n t stock i s ava i lab le . Lost sales w i l l not be considered since 
i t i s seldom optimal to incur l o s t sales in a determinist ic demand 
system ( l l ) . 
We assume that Q, i s s u f f i c i e n t l y large to t reat the demand as 
continuous. In other words, the demand w i l l be assumed t o be contin-
uous and Q, , the optimal order quantity, w i l l be rounded o f f to the 
nearest integer . Although in r e a l i t y demands are for i n t e g r a l numbers 
of u n i t s , computations for i n t e g r a l i t y of demand may be neglected 
since the ir e f f ec t on Q, w i l l be n e g l i g i b l e . 
Since our inventory system deals with a factory and a factory 
warehouse, i t i s l o g i c a l to assume that the products are delivered to 
the warehouse as they are produced. The rate of production w i l l be 
assumed f i n i t e and w i l l be measured in terms of P units per year. I t 
w i l l a l so be assumed that the rate of production, P, i s greater than 
the rate of demand, D. An e a r l i e r assumption was made that a l l demands 
would be met, but that stockouts would be poss ib le and demands would 
be backordered in the event of stockouts. In computing the contr i ­
butions of carrying costs and backorders t o the cost expression, K, 
both f a c t o r s , f i n i t e production rate and backorders, must be considered 
together . Procurement costs w i l l not be af fected and w i l l remain 
DA/Q. 
I t w i l l be assumed that the cost o f a backorder has the form 
A 
TT + Tit where t i s the length of time for which a backorder e x i s t s . 
The symbol TT w i l l represent a f ixed cost associated with each back-
A 
order and TT a cost proportional t o the length of time for which the 
2h 
backorder e x i s t s . 
Let s be the number of backorders on the books when the f i r s t 
increment of products arrives from the fac tory . During periods when 
the products are being produced in the factory , there w i l l be a net 
rate of inflow (P-D) of units into the warehouse. During the period 
when the factory i s not producing there i s a net rate of outflow, D, 
of units from the warehouse. The s i tuat ion i s i l l u s t r a t e d geometri­
c a l l y in Figure 2 . The length of time required to produce a l o t , Q,, 
i s T^ + Tg = Q,/P. Since the on-hand inventory in the warehouse reaches 
i t s maximum value j u s t as production i s stopped at the fac tory , the 
maximum on-hand inventory i s T 2 (P-D) = (Q/p-T^)(P-D). The time 
required to f i l l a l l backorders and bring the on-hand inventory l e v e l 
to zero i s = s / (P -D) . Therefore, the maximum on-hand inventory 
can be writ ten 
The time required to reduce the on-hand inventory in the warehouse to 
zero i s 
T 2(P-D) = ̂ (1-D/P) - s . (1) 
T- = Q/D(l-D/P) - s/D. (2) 

26 
The time required to incur s backorders i s T^ = s/D. The length of 
a cyc le i s T = + T 2 + T^ + T^ = Q/D. However, the inventory carry­
ing costs per cycle are based on times T^ and T^ since the inventory 
l e v e l i s zero for times T^ and T^. Therefore, the inventory carrying 
costs per cycle are 
IC { J 2 (P-D)t dt + J" 3 { - §) - s ] - Dt} dt ]• 
1 0 25(1^7 [Q ( ! - § ) - • ] • (3) 
The average annual cost of holding inventory i s then found by dividing 
by the t ime, T, for completion of one c y c l e , i . e . , 
IC [ft (1 - § ) - s ] . 
We must now determine the average annual cost of backorders. 
A 
As explained e a r l i e r , the backorder cost has the form TT + Tft. There-
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f o r e , the backorder cost per cycle i s 
T T 
2 2 
^ F I S ^ S ^ L 
^ + 1 1 F I P ^ T 2D J 
« + TT P S 
7 1 8 2 D ( P - D ) . 
( 5 ) 
The average annual cost for backorders i s then 
(6 ) 
The average annual var iable c o s t , K, •which includes the costs of order­
ing , holding inventory, and backorders then becomes 





We have now completed the development of a cost function, K, for a 
system in •which redis tr ibut ion between inventories and assembly of 
product 1 are assumed to be free and instantaneous. The function, K, 
w i l l be one part of the t o t a l cost model of the determinist ic system. 
Development of the Cost Function with Redistr ibut ion, Product Shortage, 
and Al loca t ion Costs 
We w i l l now turn our attent ion to the development of a t o t a l 
Gost function, TC, for the system when the assumption of free and 
instantaneous redis tr ibut ion i s dropped and the a l loca t ion decis ion 
i s taken into account. The assumption of free and instantaneous 
assembly of product 1 pr ior to transportation to the warehouse w i l l 
a l s o be dropped. 
As s tated e a r l i e r , when the inventory pos i t ion for the system 
as a whole reaches a point , k, then an order for Q, uni ts w i l l be sent 
t o the fac tory . I t was a l so stated e a r l i e r that demands against each 
inventory were independent and not necessar i ly a t the same r a t e . How­
ever, since we are operating under the assumption of determinist ic 
demands, i t should be poss ib le to develop an a l l oca t ion decis ion rule 
that should be f ixed with each order. In other words, the order 
quantity can be broken into two component f ixed quant i t i e s , q^ and q^, 
which represent the amounts a l located to the product 1 and product 2 
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inventories respect ive ly . 
I f "J" i s the cost per unit to transport unassembled components 
from factory to warehouse and i f "a" i s the cost per unit of assembl­
ing components into f inished products then the annual transportation 
costs involved in shipping uni ts from factory to warehouse are D^J for 
the product 2 inventory and D^(J + a) for the product 1 inventory 
where and are the rates of demand for products 1 and 2 respec t ive ly . 
The t o t a l transportation cost for the system i s then 
V = D 2 J + D (J + a ) . (8) 
Since demands against the system are determinis t ic , i t can be 
shown that redis tr ibut ions between the two inventories can never be 
an optimal course of act ion. The i n t u i t i v e argument that fol lows w i l l 
be su f f i c i ent to show that t h i s i s the case. Assume for a given period 
that the reorder quantity Q, i s not a l loca ted on the bas i s of demand 
against each inventory as indicated in the previous paragraph; e . g . , 
suppose q£ and q^ are such that inventory 1 i s depleted w e l l in advance 
of inventory 2 and the decis ion i s made t o red i s tr ibute a quantity 
uni ts from 2 to 1. This would e n t a i l assembling x 2 1 units of product 
2 components to convert them to units of product 1. Assume that 
red i s tr ibut ion of x ^ units w i l l cause both inventories t o be depleted 
at the same t ime. I t a l so seems l o g i c a l to assume that th i s conversion 
process would have to take place at the fac tory . Thus, as a minimum, 
3 0 
the following costs per unit would be incurred in converting units of 
product 2 to product 1: (a) " j " dol lars per unit to transport them 
t o the factory from inventory 2; (b) "a" dol lars per unit to assemble 
the components into units of product 1; and (c) " j " do l lars per unit 
to ship the assembled uni ts from the factory t o inventory 1. There­
f o r e , the cost of redis tr ibut ing units would be (2J + a) and 
the t o t a l transportat ion and conversion costs for the period would be 
v f ss q £ ( j + a) + q^ J + x 21 + a ) ' ^ n ^ e ° * n e r hand, s ince i t i s 
p o s s i b l e , in a deterministic system, t o predict with certa inty the 
indiv idual inventory l e v e l s at any future point in t ime, the values 
for q^ and q^ can be adjusted to the point where both inventories are 
depleted simultaneously. Therefore, i f we l e t q^ = q£ + x ^ and 
q^ a= q^ - x ^ , the transportat ion costs for the period w i l l be 
v = q-j_(J + a) + q^ J = + a ) + q^ J + x 2 i a * W e c a n n o v g r s e e ^ n a ^ 
v < v f by the amount 2x^3. I t i s obvious that v T would be even 
greater in value for redis tr ibut ion from 1 t o 2 since we would have 
the addi t ional conversion costs of disassembly of product 1 u n i t s . 
Therefore, i t w i l l be concluded that red is tr ibut ion can be disregarded 
for the determinist ic model. This , however, does not preclude the 
necess i ty to include the stockout costs for the indiv idual inventor ies . 
In step 1 we computed the added stockout costs for the ent ire 
system being out of stock. The same procedure w i l l now be used for 
each of the inventories ind iv idua l ly . As in the system backorders 
case the costs of backorders for the product 1 and product 2 inventories 
A A 
w i l l take the forms TT̂  + TT-J_"̂-J_ and TTg + "̂ 2̂ 2 r e s P e c " t : : i - v e ^ y "where t ^ and 
tg are the respect ive lengths of time for which backorders e x i s t . Again, 
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t h e symbols ft and ^ "wi l l r e p r e s e n t t h e f i x e d c o s t s a s s o c i a t e d w i t h 
1 A 
each b a c k o r d e r and TT^ and iv, "the c o s t s p r o p o r t i o n a l t o t h e l e n g t h s o f 
t ime f o r w h i c h t h e b a c k o r d e r s e x i s t . In a d d i t i o n t he f o l l o w i n g n o t a t i o n 
w i l l a p p l y : 
= t he number o f b a c k o r d e r s f o r p r o d u c t 1 when t h e f i r s t 
inc rement o f t h e q^ u n i t s a l l o c a t e d t o t h e p r o d u c t 1 
i n v e n t o r y a r r i v e s . 
Sg, = t he number o f b a c k o r d e r s f o r p r o d u c t 2 when the f i r s t 
i nc remen t o f t h e q^ u n i t s a l l o c a t e d t o the p r o d u c t 2 
i n v e n t o r y a r r i v e s . 
P^ = r a t e o f p r o d u c t i o n o f p r o d u c t 1 . 
P^ = r a t e o f p r o d u c t i o n o f p r o d u c t 2 . 
= r a t e o f demand f o r p r o d u c t 1 . 
= r a t e o f demand f o r p r o d u c t 2 . 
I t shou ld b e n o t e d t h a t q^ + = Q, s^ + s^ = s , P^ + = P, and 
D x + D 2 = D . 
F o l l o w i n g t he same p r o c e d u r e used i n s t e p 1 f o r t h e system as 
a w h o l e , t h e b a c k o r d e r s c o s t s p e r c y c l e a r e 
"i pi si ( 9 ) 
f o r t h e p r o d u c t 1 i n v e n t o r y , and 
3 2 
TT, 
T T 2 S 2 + 2 JJ 
2 2 ° 2 
^ P 2 - V 
( 1 0 ) 
for the product 2 inventory. The average annual costs of backorders 
are 
p _ 1 " r, = , 1 " l P l S l 
B I = S T " I D I S I * 
( I I ) 
for the product 1 inventory, and 
B 2 = F 
2 q 2 
• ^ ^ i " 2 P 2 S 2 1 
. " 2 D 2 S 2 + 2 ( P , - D j J ( 1 2 ) 
for the product 2 inventory. 
By combining equations (7)? ( 8 ) , ( l l ) , and ( 1 2 ) we get the 
following t o t a l cost model for the system: 
TC = K + V + B1 + B 2 . ( 1 3 ) 
33 
This function, when minimized subject to the warehouse-space constra int , 
w i l l provide the optional operating po l i cy for the deterministic system. 
Development of the Warehouse Constraint Function 
The f i n a l step in the formulation of the deterministic model 
i s the development of the warehouse constraint function. We know that 
the maximum on-hand inventory for the system i s Q ( l - D/p) - s from 
equation ( l ) . Likewise, the maximum on-hand inventories for the pro­
duct 1 and product 2 inventories taken separately are q^( l - D^/P^) - s^ 
and q 2 ( l - ^2^2^ " s 2 r e s P e c " k i - v e l y * Let w^ and w 2 be the amounts of 
warehouse space per unit consumed by product 1 and product 2 respect ive­
l y . I f W i s the t o t a l amount of warehouse space avai lable for both 
inventor ies , then the warehouse constraint i s 
Our model of the determinist ic system i s now complete. To 
obtain the optimal operating po l i cy for the inventory system we mini­
mize the t o t a l cost function, equation ( 1 3 ) » subject to the inequal i ty 
(ik). The development of the optimal operating po l i cy w i l l be d i s ­
cussed in Chapter IV. 
A Model with Stochastic Demands 
We now wish t o develop a model in which we are concerned with 
demands on the system that cannot be predicted with certa inty 
bu t i n s t e a d must be d e s c r i b e d p r o b a b i l i s t i c a l l y . In d e v e l o p i n g t h i s 
m o d e l the assumpt ions - w i l l be t h e same as f o r t h e d e t e r m i n i s t i c mode l 
w i t h t h e e x c e p t i o n t h a t t h e demands a g a i n s t each i n v e n t o r y can be 
c h a r a c t e r i z e d b y P o i s s o n d i s t r i b u t i o n s w i t h mean r a t e s o f demand D^ 
and ( f o r p r o d u c t 1 and p r o d u c t 2 r e s p e c t i v e l y ) w h i c h do n o t change 
w i t h t i m e . Here a g a i n t h e assumpt ion w i l l be made t h a t t h e u n i t s o f 
p r o d u c t s w i l l b e demanded one a t a t i m e . 
The g e n e r a l p r o c e d u r e f o r t h e deve lopment o f t h e s t o c h a s t i c 
m o d e l w i l l be s i m i l a r t o t h a t used i n d e v e l o p i n g t h e d e t e r m i n i s t i c 
mode l a l t h o u g h the t e c h n i q u e s i n v o l v e d w i l l be c o n s i d e r a b l y d i f f e r e n t . 
The p r o c e d u r e w i l l b e as f o l l o w s : 
( 1 ) D e v e l o p t h e c o s t f u n c t i o n , K, f o r a system i n w h i c h r e d i s ­
t r i b u t i o n be tween i n v e n t o r i e s and a s sembly o f p r o d u c t 1 a r e assumed t o 
be f r e e and i n s t a n t a n e o u s . 
( 2 ) D e v e l o p the t o t a l c o s t f u n c t i o n , TC, f o r t h e system when 
t h e assumpt ion o f f r e e and i n s t a n t a n e o u s r e d i s t r i b u t i o n i s d r o p p e d . 
( 3 ) D e v e l o p a mode l f o r f i n d i n g t h e o p t i m a l r e d i s t r i b u t i o n 
r u l e . Th i s w i l l be a s e p a r a t e mode l from t h e t o t a l c o s t mode l f o r 
t h e sys t em. 
(h) D e v e l o p a m o d e l f o r f i n d i n g the o p t i m a l a l l o c a t i o n d e c i s i o n 
r u l e . Th is w i l l a l s o b e a s e p a r a t e mode l from t h e t o t a l c o s t m o d e l . 
( 5 ) D e v e l o p t he warehouse c o n s t r a i n t f u n c t i o n . 
Having d e v e l o p e d t he m o d e l , t h e g e n e r a l p r o c e d u r e f o r i t s 
o p t i m i z a t i o n w i l l b e t o f i r s t f i n d t he o p t i m a l v a l u e s f o r Q and k by 
m i n i m i z i n g t he t o t a l c o s t f u n c t i o n ( d e v e l o p e d i n s t e p 2 a b o v e ) sub ­
j e c t t o t h e warehouse c o n s t r a i n t ( d e v e l o p e d i n s t e p 5 ) . Th i s v a l u e 
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o f Q can then b e used i n t h e r e d i s t r i b u t i o n and a l l o c a t i o n f u n c t i o n s 
( d e v e l o p e d i n s t e p s 3 and K r e s p e c t i v e l y ) w h i c h a r e min imized t o d e t e r ­
mine t h e o p t i m a l r e d i s t r i b u t i o n q u a n t i t y and o p t i m a l a l l o c a t i o n r u l e 
r e s p e c t i v e l y . 
Development o f t h e Cos t F u n c t i o n f o r F ree and In s t an t aneous R e d i s t r i ­
b u t i o n 
In s t e p 1 f o r t h e s t o c h a s t i c model t h e assumpt ion o f f r e e and 
i n s t a n t a n e o u s r e d i s t r i b u t i o n and a s sembly o f p r o d u c t 1 e n a b l e s us t o 
t r e a t t h e two i n v e n t o r i e s as a s i n g l e i n v e n t o r y sys tem. Here a g a i n 
we must d e v e l o p a f u n c t i o n f o r K, t h e ave rage annual c o s t , w h i c h t a k e s 
i n t o a c c o u n t p rocu remen t , i n v e n t o r y c a r r y i n g , and system s h o r t a g e c o s t s . 
The procurement c o s t s f o r t h e s t o c h a s t i c mode l w i l l b e t h e same 
as f o r t h e d e t e r m i n i s t i c mode l w i t h D = D^ + D^ now r e p r e s e n t i n g t h e 
mean sys tem demand. Note t ha t s i n c e t h e demands a g a i n s t t h e two 
i n v e n t o r i e s a r e P o i s s o n d i s t r i b u t e d , the sys tem demand i s a l s o P o i s s o n 
d i s t r i b u t e d ( 8 ) . S i n c e t h e u n i t c o s t , C, o f a u n i t and t r a n s p o r t a t i o n 
c o s t , J , p e r u n i t a r e independen t o f t h e q u a n t i t y o r d e r e d , t h e a v e r a g e 
annual procurement c o s t s w i l l a g a i n c o n s i s t o n l y o f t h e f i x e d c o s t , 
AD/Q. 
The remainder o f K w i l l b e d e v e l o p e d u s i n g t h e same p r o c e d u r e 
a s t h a t u sed b y Hadley and W h i t i n i n ( 1 2 ) t o d e v e l o p t h e i r c o s t f u n c t i o n , 
K ( Q , k ) . The e f f e c t s o f t he assumpt ion o f f i n i t e p r o d u c t i o n r a t e , w h i c h 
i s made h e r e bu t n o t f o r t h e Hadley and Whi t i n m o d e l , a r e n u l l i f i e d b y 
making i n v e n t o r y p o s i t i o n t h e parameter f o r i n v e n t o r y l e v e l r a t h e r than 
on hand i n v e n t o r y . In o t h e r w o r d s , i n v e n t o r y l e v e l w i l l b e measured 
i n terms o f i n v e n t o r y p o s i t i o n (on hand p l u s on o r d e r minus b a c k o r d e r s ) 
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i n s t e a d o f o n l y on-hand i n v e n t o r y . The s i t u a t i o n i s i l l u s t r a t e d g r a p h ! 
c a l l y b y F i g u r e 3 . The r e o r d e r r u l e f o r t h e sys tem -w i l l a g a i n be t o 
o r d e r a f i x e d q u a n t i t y , Q, each t ime t h e i n v e n t o r y p o s i t i o n o f t h e 
system r e a c h e s a l e v e l k . S i n c e t h e a s sumpt ion has been made t h a t 
u n i t s a r e demanded one a t a t i m e , t h e i n v e n t o r y p o s i t i o n o f t h e system 
can o n l y t a k e on one o f Q d i f f e r e n t v a l u e s , i . e . , k + 1 , k + 2 , . , . , 
k + Q. Assuming t h a t t h e i n v e n t o r y system has reached a s t e a d y s t a t e 
o f o p e r a t i o n and t h e mean r a t e o f demand, D , f o r t h e sys tem remains 
c o n s t a n t o v e r t i m e , then 
D P ( j + 1 ) = DP (J) ( j = k + 1 , . . . , k + Q - 1 ) 
•where P(k + i ) i s t h e p r o b a b i l i t y t h a t t h e i n v e n t o r y p o s i t i o n o f t h e 
sys tem i s v a l u e d a t k + i . I t then f o l l o w s t h a t 
P(k + Q) = P(k + Q - l ) = . . . = P(k + 1 ) = l / Q ( 1 5 ) 
t h u s i n d i c a t i n g t h a t t h e s t e a d y s t a t e p r o b a b i l i t y d i s t r i b u t i o n i s 
r e c t a n g u l a r f o r P o i s s o n demands ( 1 2 ) . 
The i n v e n t o r y h o l d i n g c o s t s w i l l be b a s e d on t h e a v e r a g e quan­
t i t y on hand p l u s on o r d e r . T h i s can be done w i t h o u t a f f e c t i n g Q, and 
k s i n c e t h e d i f f e r e n c e between a v e r a g e on-hand i n v e n t o r y and a v e r a g e 
Inventory Posit ion 
On Hand Inventory 
Figure 3» Graphical Representation of Stochastic System 
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on-hand p l u s o n - o r d e r i n v e n t o r y i s a c o n s t a n t "which i s e q u a l t o t h e 
a v e r a g e amount on o r d e r . T h i s assumes t h a t b a c k o r d e r s a r e n e g l i g i b l e . 
S i n c e t h e i n v e n t o r y p o s i t i o n o f t h e sys tem has t h e v a l u e , k + i ( i = 1, 
. . . , Q ) , •with p r o b a b i l i t y l / Q , t h e a v e r a g e i n v e n t o r y p o s i t i o n i s 
£ £ (k + i ) = | + k + i (16) 
i = l 
Let F e q u a l t h e e x p e c t e d on hand p l u s on o r d e r i n v e n t o r y and l e t B 
e q u a l t h e e x p e c t e d number o f b a c k o r d e r s a t any p o i n t i n t i m e . S i n c e 
t h e i n v e n t o r y p o s i t i o n o f t h e system i s e q u a l t o t h e amount on hand 
p l u s on o r d e r minus t h e number o f b a c k o r d e r s , t h e n 
F = Q/2 + k + 1/2 + B , (17) 
and t h e e x p e c t e d c a r r y i n g c h a r g e p e r y e a r i s ICF where I and C a r e as 
d e f i n e d f o r t h e d e t e r m i n i s t i c m o d e l . 
We must now determine t h e e x p e c t e d system s h o r t a g e c o s t s . A s 
i n t h e d e t e r m i n i s t i c mode l t h e c o s t o f a b a c k o r d e r w i l l t a k e t h e form 
A 
TT + n t and t h e e x p e c t e d a n n u a l c o s t o f t h e sys tem s h o r t a g e s i s TT t i m e s 
A 
t h e e x p e c t e d number o f s h o r t a g e s p e r y e a r , E , and TT t i m e s t h e e x p e c t e d 
u n i t y e a r s o f s h o r t a g e which i s m e r e l y t h e e x p e c t e d number o f b a c k -
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o r d e r s , B ( t i m e s 1 y e a r ) . To a v o i d c o n f u s i o n between t h e q u a n t i t i e s 
E and B t h e d e f i n i t i o n o f t h e terms w i l l be d e s c r i b e d i n d e t a i l . S i n c e 
we have assumed t h a t any s h o r t a g e i n c u r r e d i s b a c k o r d e r e d , E i s a l s o 
t h e e x p e c t e d number o f b a c k o r d e r s i n c u r r e d per y e a r . Note t h a t we 
have s t a t e d t h a t E i s t h e e x p e c t e d number o f b a c k o r d e r s i n c u r r e d i n 
a y e a r , n o t t h e e x p e c t e d number o f b a c k o r d e r s a t any p o i n t i n t i m e . 
Suppose t h a t we s t a r t o b s e r v i n g t h e i n v e n t o r y system a t some 
a r b i t r a r y p o i n t i n t i m e and assume t h a t i n a t i m e Q s i n c e t h e o b s e r ­
v a t i o n was begun t h e sys tem g o e s t h r o u g h n comple te c y c l e s . Suppose 
f u r t h e r t h a t b a c k o r d e r s which a r e i n c u r r e d dur ing a c y c l e a r e l a b e l e d 
c o n s e c u t i v e l y ( l , 2 , . . . , b ) and t h a t t h e amount o f t i m e (measured 
i n terms o f y e a r s ) f o r which each b a c k o r d e r e x i s t s i s l a b e l e d t ^ ( j = 
1, 2 , . . . , b ) where i r e p r e s e n t s c y c l e i . Then t h e u n i t y e a r s o f 
b 
s h o r t a g e i n c u r r e d dur ing c y c l e i a r e A- = ) t . Let | . be t h e 
-L Z_j L J -L 
t o t a l number o f b a c k o r d e r s i n c u r r e d dur ing c y c l e i . As £ CO, i t must 
b e t r u e t h a t n -» OO and b y d e f i n i t i o n ( l l ) 
I H I Si 
B = l i m , E = l i m — 
a r e t h e e x p e c t e d u n i t y e a r s o f s h o r t a g e i n c u r r e d per y e a r and t h e 
e x p e c t e d number o f b a c k o r d e r s i n c u r r e d p e r y e a r . I f t h e number o f 
s h o r t a g e s were a lways a c o n s t a n t B, t h e n t h e u n i t y e a r s o f s h o r t a g e 
i n c u r r e d p e r y e a r would be B. Thus , B i s t h e e x p e c t e d number o f b a c k -
ho 
o r d e r s on t h e books a t any p o i n t i n t i m e . Note t h a t s i n c e B i s a 
f u n c t i o n o f A^? t h e term "backorder" i m p l i e s a s h o r t a g e o v e r t i m e 
r e l a t i o n s h i p . A more d e t a i l e d d i s c u s s i o n o f t h e above can be found 
i n Chapter h o f ( l l ) . 
We s h a l l now p r o c e e d w i t h t h e development o f s p e c i f i c e x p r e s s i o n s 
f o r E and B t o f i t our m o d e l . To determine t h e e x p e c t e d number o f s h o r t ­
a g e s p e r y e a r , E , we must f i r s t compute P o u - j .? ^ n e p r o b a b i l i t y t h a t 
t h e system i s out o f s t o c k a t any i n s t a n t o f t i m e . Assuming t h a t T ? 
t h e procurement l e a d t i m e ( t i m e between p l a c i n g an o r d e r and a r r i v a l 
o f t h e f i r s t increment o f an o r d e r ) , i s c o n s t a n t , and i f t h e sys tem i s i n 
s t a t e j a t t i m e t , t h e n e v e r y t h i n g on o r d e r a t t ime t w i l l have a r r i v e d 
b y t i m e t + T + Q / P where P i s t h e c o n s t a n t r a t e o f p r o d u c t i o n . The 
as sumpt ion w i l l be made t h a t T i s s m a l l i n comparison w i t h t h e l e n g t h 
o f a c y c l e , T . By making t h i s a s sumpt ion we p r e v e n t t h e p o s s i b i l i t y 
o f o v e r l a p p i n g o r d e r s ; i . e . , t h e p l a c i n g o f a second o r d e r b e f o r e o r 
dur ing t h e a r r i v a l o f t h e p r e v i o u s o r d e r a t t h e w a r e h o u s e . I n a d d i t i o n , 
a r e l a t i v e l y s m a l l T w i l l keep t h e number o f b a c k o r d e r s i n c u r r e d s m a l l 
i n comparison w i t h t h e a v e r a g e on-hand i n v e n t o r y . T h i s e n a b l e s u s t o 
u s e t h e a v e r a g e on-hand p l u s o n - o r d e r i n v e n t o r y t o c a l c u l a t e c a r r y i n g 
c o s t s i n s t e a d o f j u s t t h e a v e r a g e on-hand i n v e n t o r y . S i n c e t h e r e w i l l 
be no o v e r l a p p i n g o r d e r s , t h e n n o t h i n g o r d e r e d l a t e r than t i m e t can 
a r r i v e b y t + T « Let p ( x , D T ) b e t h e P o i s s o n d e n s i t y , t h a t i s , t h e 
p r o b a b i l i t y t h a t x u n i t s a r e demanded i n t i m e T where D i s t h e mean 
r a t e o f demand. Then t h e p r o b a b i l i t y t h a t no u n i t s a r e on hand a t 
t i m e t + T when t h e system i s i n s t a t e j a t t ime t i s t h e p r o b a b i l i t y 
t h a t j o r more u n i t s a r e demanded i n t i m e T ; i . e . , 
hi 
P ( J , D T ) = £ p (x , D T ) (18) 
S i n c e j can t a k e on t h e v a l u e s k + 1, k + 2, . . . , k + Q, t h e p r o ­
b a b i l i t y t h a t t h e system i s o u t o f s t o c k a t any t i m e i s found b y a v e r ­
a g i n g o v e r a l l p o s s i b l e s t a t e s j ; i . e . , 
ou t 
Q+k 
£ P ( J , D T ) 
j = k + l 
£ P ( J , D T ) - Y P ( J , D T ) ] . (19) 
3=k+l j = Q + k + l 
From p r o p e r t y 9 o f (8) we know t h a t 
£ P ( j , D T ) = D T P ( k , D T ) - k P(k + 1, D T ) (20) 
j = k + l 
and 
£ P ( j , D T ) = D T P(Q + k , D T ) - ( Q + k ) P(Q + k + 1, D T ) ( 2 l ) 
J = Q + k + l 
h2 
T h e r e f o r e i t f o l l o w s t h a t 
p o u t = h [ g ( k ) - g ( Q + k)] ( 2 2 ) 
where 
g ( u ) = £ P ( x , D T ) = D T P ( u , D T ) - u P(u + 1 , D T ) . (23) 
x=^u+l 
The e x p e c t e d number o f s h o r t a g e s , E , i s t h e mean r a t e o f demand t i m e s 
t h e p r o b a b i l i t y t h a t t h e sys tem has no s t o c k on hand a t any i n s t a n t o f 
t i m e ; i . e . , 
E = DP , (2*0 
o u t 
We must n e x t de termine B, t h e e x p e c t e d number o f b a c k o r d e r s a t 
any p o i n t i n t i m e ( e x p e c t e d u n i t y e a r s o f s h o r t a g e i n c u r r e d p e r y e a r ) . 
I f t h e system i s i n s t a t e J a t t i m e t , t h e e x p e c t e d number o f b a c k -
o r d e r s a t t i m e t + T i s 
3̂ 
] [ ( x - J ) p ( x , D T ) . 
The e x p e c t e d number o f b a c k o r d e r s a t any t ime i s then found b y a v e r ­
a g i n g o v e r t he s t a t e s j ; i . e . , 
Q+k oo 
B = | £ £ ( x - J ) p ( x , D T ) (25) 
J=k+1 x = J + l 
From p r o p e r t i e s 7? 9> and 21 o f (13) we know t h a t B can b e w r i t t e n as 
f o l l o w s : 
B = h ( k ) - h(Q + k ) (26) 
where 
2 
h(u) = «(u) P(u , D T ) + D T ( D T ' X ) P (u - 1, D T ) - P (u - 2,Dr)(27) 
and 
a ( u ) = I [D T(1 - u ) + u ( u + 1) (28) 
We have now comple ted t h e development o f a l l t h e t erms i n t h e 
c o s t f u n c t i o n K which may b e w r i t t e n a s 
We a r e now ready t o d e v e l o p t h e t o t a l c o s t f u n c t i o n , TC, i n which 
r e d i s t r i b u t i o n c o s t s a r e i n c l u d e d . 
Development o f t h e T o t a l C o s t F u n c t i o n 
The as sumpt ion was made t h a t one p r o d u c t c o u l d b e c o n v e r t e d t o 
a n o t h e r i f r e d i s t r i b u t i o n between i n v e n t o r i e s was n e c e s s a r y . By 
n e c e s s a r y we mean t h a t r e d i s t r i b u t i o n s a r e made o n l y when t h e r e i s 
l i k e l y t o be a need f o r them p r i o r t o t h e n e x t a l l o c a t i o n o f p r o d u c t s 
from t h e f a c t o r y . We w i l l t h e r e f o r e c o n s i d e r r e d i s t r i b u t i o n as a means 
o f reduc ing p o s s i b l e s h o r t a g e c o s t s between a l l o c a t i o n s . 
I n t h i s s e c t i o n we w i l l b e concerned w i t h d e v e l o p i n g r e d i s t r i ­
b u t i o n c o s t e x p r e s s i o n s t o b e added t o K i n t h e f o r m u l a t i o n o f t h e 
t o t a l c o s t f u n c t i o n , TC. The q u e s t i o n s o f when r e d i s t r i b u t i o n s h o u l d 
(29) 
b e c o n s i d e r e d and what q u a n t i t i e s shou ld be r e d i s t r i b u t e d w i l l be 
d e a l t w i t h i n d e t a i l when we d e v e l o p t h e r e d i s t r i b u t i o n r u l e i n a 
l a t e r s e c t i o n . They a l s o must be c o n s i d e r e d i n t h e development o f 
t h e r e d i s t r i b u t i o n c o s t e x p r e s s i o n s . The q u e s t i o n o f when a r e d i s ­
t r i b u t i o n s h o u l d b e c o n s i d e r e d can b e answered by o b s e r v i n g t h a t a 
r e d i s t r i b u t i o n shou ld be c o n s i d e r e d when t h e on-hand i n v e n t o r y f o r 
any i n v e n t o r y becomes d a n g e r o u s l y low i n t h e p e r i o d between a l l o c a t i o n s . 
Let t h e t i m e r e q u i r e d t o t r a n s f e r s t o c k from i n v e n t o r y i t o i n v e n t o r y 
j ( i n c l u d i n g t h e c o n v e r s i o n p r o c e s s ) be c a l l e d t h e r e d i s t r i b u t i o n l e a d 
t i m e , T . - 9 where i , j = 1 ? 2 and i ^ j . Now t h e on-hand i n v e n t o r y 
w i l l be c o n s i d e r e d t o be d a n g e r o u s l y low i f dur ing t h e l e a d t i m e T - -
t h e p r o b a b i l i t y o f i n c u r r i n g one o r more b a c k o r d e r s r e a c h e s a c r i t i c a l 
v a l u e , a.. The c r i t i c a l v a l u e s , a , w i l l be assumed t o b e known. 
<J J 
Each a. d e t e r m i n e s an on-hand i n v e n t o r y l e v e l , M , f o r i n v e n t o r y J 
0 J 
such t h a t when t h e on-hand i n v e n t o r y f a l l s t o a l e v e l M , , i n v e n t o r y 
J 
j i s s a i d t o b e a t i t s c r i t i c a l p r o b a b i l i t y l e v e l . The M ' s w i l l b e 
J 
r e f e r r e d t o a s "M l e v e l s " f o r t h e r e s p e c t i v e i n v e n t o r i e s and when 
reached w i l l i n i t i a t e c o n s i d e r a t i o n f o r r e d i s t r i b u t i o n . 
I t w i l l n o t a lways b e d e s i r a b l e t o c o n s i d e r r e d i s t r i b u t i o n 
when an M l e v e l i s r eached s i n c e t h e n e x t a l l o c a t i o n may b e s c h e d u l e d 
t o b e g i n a r r i v i n g b e f o r e a r e d i s t r i b u t i o n c o u l d b e e f f e c t e d . Thus T^J 
w i l l be t h e t i m e between making t h e d e c i s i o n t o r e d i s t r i b u t e from i 
t o j and t h e a r r i v a l o f t h e u n i t s a t j , and no r e d i s t r i b u t i o n w i l l b e 
c o n s i d e r e d when i n v e n t o r y j r e a c h e s M. a t a t i m e l e s s than T - - from 
t h e a r r i v a l o f t h e f i r s t increment o f t h e n e x t f a c t o r y a l l o c a t i o n . 
he 
L e t t i m e T , k t h e measure o f t ime from t h e a r r i v a l o f t h e f i r s t 
c j 
increment o f t h e p r e v i o u s a l l o c a t i o n t o a t i m e T p r i o r t o t h e a r r i v a l 
o f t h e f i r s t increment o f t h e n e x t a l l o c a t i o n . The t i m e s , T _ ( j = 1, 
2 ) , w i l l be known a s c u t o f f t i m e s and a r e i l l u s t r a t e d a l o n g w i t h t h e 
M l e v e l s i n F i g u r e h. From F i g u r e h, we see t h a t when i n v e n t o r y j 
r e a c h e s i t s M l e v e l b e f o r e i t s c u t o f f t i m e , a r e d i s t r i b u t i o n w i l l b e 
c o n s i d e r e d . Note t h a t i t w i l l o n l y b e c o n s i d e r e d and may o r may not 
be made depending on o t h e r f a c t o r s and c o n s i d e r a t i o n s . I t w i l l b e 
assumed t h a t T? t h e p r o d u c t i o n l e a d t i m e i s g r e a t e r than T • T h i s 
i s l o g i c a l t o assume s i n c e t h e p r o d u c t i o n s e t - u p , a s s e m b l y , and t r a n s ­
p o r t a t i o n t i m e s t h a t compr i se T would r e a l i s t i c a l l y be g r e a t e r than 
t h e a s s e m b l y , d i s a s s e m b l y , and t r a n s p o r t a t i o n t i m e s t h a t compr i se T-..» 
T h i s a s s u m p t i o n i s n e c e s s a r y t o a v o i d t h e s i t u a t i o n where an o r d e r i s 
p l a c e d and b e g i n s a r r i v i n g a l l w i t h i n t h e r e d i s t r i b u t i o n l e a d t i m e . 
Such a s i t u a t i o n would n u l l i f y t h e u s e f u l n e s s o f t h e r e d i s t r i b u t i o n . 
A s s t a t e d e a r l i e r an M l e v e l i s s e l e c t e d f o r each i n v e n t o r y 
by s p e c i f y i n g t h e c r i t i c a l p r o b a b i l i t i e s , c¥.»(j = 1? 2 ) , t h a t t h e 
J 
i n v e n t o r y w i l l have one o r more b a c k o r d e r s i n t h e r e d i s t r i b u t i o n l e a d 
t i m e , >r.M. T h e r e f o r e M. i s t h e s m a l l e s t M such t h a t 
P(M + 1, T ) * a j (30) 
where D i s t h e mean r a t e o f demand a g a i n s t i n v e n t o r y j . 
We must now compute t h e e x p e c t e d c o s t s o f r e d i s t r i b u t i o n and 
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inventory shortages for a given set of M l e v e l s . We w i l l make the 
same assumptions as do Hadley and Whitin ( 1 2 ) . F irs t l e t R ( i , j = 
1, 2 and i ^ j ) he the expected costs associated with h i t t ing an M 
l e v e l and assume that they are known quant i t i es . They include the 
expected cost of redis tr ibut ion from inventory i to inventory j plus 
the cost of making a redis tr ibut ion calculat ion ( i f any) . The act of 
specifying the R's i s analogous to specifying the shortage costs but 
with fewer "intangibles" involved. A second assumption to be made i s 
that a given M l e v e l i s reached only once in a period ( c y c l e ) . The 
instances of more than one redis tr ibut ion in a s ingle period would be 
s u f f i c i e n t l y rare as to make the ir e f f ec t on Q, and k n e g l i g i b l e . 
Assume that the maximum on hand inventory l eve l s are achieved 
at the termination of production for a part icular order. Let T be 
the time between receipt of the f i r s t increment of an a l loca t ion by 
inventory j and the achievement of g , the maximum l e v e l of inventory 
J 
j for that period. Also assume that > M. and T , > T _. Note that 
J r j j c j mj 
T i s a function of Q^, the quantity of Q a l located to inventory J; 
i . e . , T _ = C L / P - where P , i s the known and constant rate of production 
mj y J j 
for product j . Also note that the value of g^ i s a function of T ^ , 
the rate of demand, and the number of backorders at time T^, the time 
of a r r i v a l of the f i r s t increment of an a l loca t ion at inventory j . 
Thus g , and T _ are random var iab l e s . 
& j mj 
For a given g . consider the probabi l i ty that M. w i l l be reached 
J J 
before the cutoff t ime, T The cutoff time i f T J f = T - T . J , ( i J j : = 
5 c j c j ' i j ' d 
1, 2 and i ^ j ) where T i s the time of a r r i v a l of the f i r s t increment 
of the next a l l o c a t i o n . I f lead times are constant, the probabi l i ty 
h9 
t h a t t h e nex t a l l o c a t i o n a r r i v e s between T and dT i s t h e p r o b a b i l i t y 
P ( X ) = p ( Q - 1 , D T ) , p ( Y ) = DdT. ( 3 D 
Thus t h e p r o b a b i l i t y t h a t t h e Q demand o c c u r s i n T + dT i s 
D(DT) 
Q - l - DT 
dT. ( 3 2 ) 
The d e n s i t y f u n c t i o n f o r T i s t h e r e f o r e 
f ( T ) " ( Q - l ) ! ( 3 3 ) 
t h a t Q - 1 u n i t s a r e demanded between T and T + dT. Here t h e a s sumpt ion 
i s made t h a t t h e p r o d u c t i o n l e a d t i m e s f o r b o t h i n v e n t o r i e s a r e e q u a l 
and c o n s e q u e n t l y T i s t h e same f o r b o t h i n v e n t o r i e s . The p r o b a b i l i t y 
t h 
t h a t t h e Q demand o c c u r s i n T + dT can be thought o f as t h e p r o b a ­
b i l i t y o f X and Y where X i s t h e event t h a t Q - 1 demands o c c u r between 
T Q and T and Y i s t h e event t h a t a demand o c c u r s between T and dT. T h e r e ­
f o r e , f o r a P o i s s o n p r o c e s s i n which Y i s independent o f X? p ( X Y ) = 
p ( x ) p ( Y ) where 
50 
I f T ( i , j = 1 , 2 and i / j ) i s known and i s c o n s t a n t , t h e n t h e 
d e n s i t y f u n c t i o n o f T i s f ( T + T M ) . 
The p r o b a b i l i t y t h a t on hand i n v e n t o r y a t j r e a c h e d M b e f o r e 
«j 
a g i v e n T . i s t h e p r o b a b i l i t y t h a t a t l e a s t g . - M. u n i t s a r e demanded 
i n t i m e T . - T _ , i . e . , 
Hence f o r a s p e c i f i c g , t h e p r o b a b i l i t y o f r e a c h i n g M b e f o r e t h e 
J J 
c u t o f f t i m e , T . , i s 
( i , J = 1 , 2 and i / j ) 
Le t p ( g . ) b e t h e p r o b a b i l i t y o f g and l e t D/Q be t h e a v e r a g e 
J J 
number o f p e r i o d s p e r y e a r . Then, a f t e r a v e r a g i n g o v e r g , t h e e x -
p e c t e d a n n u a l c o s t o f a l l o w i n g i n v e n t o r y j t o r e a c h M and e f f e c t i n g 
j 
r e d i s t r i b u t i o n i s 
51 
c j^ i jKj^) 
( i , J = 1 , 2 and i / j) 
I n t h e development o f t h e i r mode l Hadley and W h i t i n i g n o r e t h e 
s i t u a t i o n where no r e d i s t r i b u t i o n i s made when an M l e v e l i s r e a c h e d 
and b a c k o r d e r s o c c u r b e f o r e t h e n e x t a l l o c a t i o n . I t i s f e l t t h a t t h i s 
s i t u a t i o n can have a s i g n i f i c a n t e f f e c t on Q, and k f o r t h i s problem 
s i n c e t h e r e d i s t r i b u t i o n c o s t s from i n v e n t o r y 1 t o i n v e n t o r y 2 c o u l d 
p o s s i b l y be p r o h i b i t i v e l y h i g h . T h e r e f o r e , we must compute t h e e x p e c t e d 
a n n u a l c o s t o f a l l o w i n g i n v e n t o r y j (j = 1 , 2 ) t o r e a c h M and a l l o w i n g 
b a c k o r d e r s t o i n c u r i n s t e a d o f e f f e c t i n g r e d i s t r i b u t i o n . 
E x p r e s s i o n 3 ^ i s t h e p r o b a b i l i t y o f r e a c h i n g b e f o r e t h e c u t ­
o f f t i m e T . . Given t h a t M , has been r e a c h e d b e f o r e T . , i f t h e number 
cj J cj7 
o f demands b y T ^ i s g - + x (x = 1 , 2 , . . . ) , t h e n t h e p r o b a ­
b i l i t y o f i n c u r r i n g one o r more s t o c k o u t s i n t i m e T ^ J i s - x + 1 , 
D . T . . ) . T h e r e f o r e , t h e p r o b a b i l i t y t h a t i n v e n t o r y j w i l l be out o f 
J -̂ J 
s t o c k a t t i m e T . + T . . i s 
00 
p 
j , O U t 
= 1 p£gJ " M3 
x = l 
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... I P ( g j ) f P [ g j - M3, D j ( T c J _ T m J ) ]f ( T o + T. 3 ) aT 
g =M + 1 
and 
E - = D_P_ . (37) 
•where E i s t h e e x p e c t e d number o f s h o r t a g e s i n i n v e n t o r y j p e r y e a r , 
j 
Next we s h a l l e v a l u a t e t h e e x p e c t e d number o f b a c k o r d e r s f o r 
i n v e n t o r y j . I f i n v e n t o r y j i s i n s t a t e (M - x ) a t t i m e T , t h e n 
J e J 
t h e e x p e c t e d number o f b a c k o r d e r s a t t i m e T _ + T . - i s 
I x p ( V Ej W ( 3 8 ) 
x = l 
Assume M. - x i s n e v e r n e g a t i v e a t T . . The e x p e c t e d number o f b a c k -
J c j 
o r d e r s a t any t ime i s then found by a v e r a g i n g o v e r a l l s t a t e s (M - x ) 
J 
and m u l t i p l y i n g b y t h e p r o b a b i l i t y o f r e a c h i n g M b e f o r e T ; i . e . , 
J e J 
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M3 -
Bij = c I I x p ( V ••• ( 3 9 ) 





L e t t i n g t h e c o s t o f a b a c k o r d e r f o r i n v e n t o r y j have t h e form 
TT, + TT.T and employing t h e same l o g i c u s e d e a r l i e r i n t h e development 
o f K, we f i n d t h a t t h e e x p e c t e d a n n u a l c o s t o f a l l o w i n g i n v e n t o r y j 
t o r e a c h M and i n c u r r i n g b a c k o r d e r s i n s t e a d o f r e d i s t r i b u t i o n i s 
J 
Combining e q u a t i o n s 35 and ko we a r r i v e a t t h e e x p e c t e d y e a r l y 
c o s t o f r e d i s t r i b u t i o n and i n v e n t o r y s t o c k o u t s ; i . e . , 
2 
5^ 
By combining t h i s r e s u l t "with t h e c o s t e x p r e s s i o n , K, we find, t h a t 
t h e e x p e c t e d t o t a l c o s t i s 
TC - K + Z (k2) 
where K i s g i v e n b y e q u a t i o n 29 and Z b y e q u a t i o n hi. T h i s f u n c t i o n 
must b e m i n i m i z e d t o de termine Q and k . 
Development o f t h e R e d i s t r i b u t i o n Rule Model 
Now t h a t we have a f u n c t i o n f o r d e t e r m i n i n g Q and k , we must 
t u r n our a t t e n t i o n t o t h e development o f a f u n c t i o n t h a t w i l l e n a b l e 
us t o f i n d how much t o r e d i s t r i b u t e when r e d i s t r i b u t i o n becomes n e c e s ­
s a r y . Assuming one o f t h e i n v e n t o r i e s has r e a c h e d i t s M l e v e l , t h e 
o p t i m a l r e d i s t r i b u t i o n p o l i c y i s de termined by m i n i m i z i n g t h e e x p e c t e d 
c o s t s f o r t h e sys tem o v e r t h e t i m e u n t i l t h e n e x t a l l o c a t i o n . 
Assume i n v e n t o r y j has reached l e v e l M . Let C. r e p r e s e n t 
t h e c o s t p e r u n i t o f c o n v e r t i n g a u n i t o f i n v e n t o r y i t o a u n i t o f 
i n v e n t o r y J . Assume t h a t t h e C 's a r e f i x e d and t h a t C . , ^ C . . 
i j i j 7 j i 
( i , j = 1 , 2 and i ^ j ) . I f i n v e n t o r y i r e d i s t r i b u t e s x . , ^ 0 u n i t s 
t o j , t h e c o s t o f c o n v e r s i o n w i l l be C. _ x . . . 
0 5 i j i j 
I n a d d i t i o n t o c o n v e r s i o n c o s t s , we must a l s o c o n s i d e r s h o r t a g e 
c o s t s and c o s t s a r i s i n g when i n v e n t o r i e s r e a c h t h e i r M l e v e l s l a t e r 
i n t h e p e r i o d . Let y^ be t h e on-hand i n v e n t o r y a t i a t t h e t i m e i n v e n ­
t o r y j r e a c h e s M^. Then t h e on-hand i n v e n t o r y a t i i m m e d i a t e l y a f t e r 
r e d i s t r i b u t i o n w i l l be y^ - x . . Let t b e t h e t i m e s i n c e t h e p r e v i o u s 
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a l l o c a t i o n when j r e a c h e s M and l e t r be t h e number o f u n i t s demanded 
i n t h e e n t i r e system s i n c e t h e l a s t a l l o c a t i o n . Let f ( t ) d t b e t h e 
° r v a a 
p r o b a b i l i t y t h a t t h e nex t a l l o c a t i o n i s made between t ^ and ^ t ^ , where 
t i m e t i s measured from t h e t ime j r e a c h e s M . Then t h e p r o b a b i l i t y 
a J 
t h 
t h a t t h e Q demand o c c u r s i n t + dt can be thought o f as t h e p r o ­
b a b i l i t y o f X and Y where X i s t h e event t h a t Q - r - 1 demands o c c u r 
between t and t and Y i s t h e event t h a t a demand o c c u r s between t 
a a 
and d t . T h e r e f o r e , f o r a P o i s s o n p r o c e s s i n which Y i s independent 
a 
o f X , p ( X Y ) = p ( x ) p ( Y ) where p ( x ) = p (Q - r - 1 , Dt ) and p ( Y ) = Ddt . 
a a 
T h e r e f o r e , i t f o l l o w s t h a t t h e p r o b a b i l i t y o f t h e O^*1 demand o c c u r r i n g 
i n t + dt i s 
a a 
D(Dt ) Q - r " 1 e " D t a 
a 
a t ( U 3 ) 
a 
The d e n s i t y f u n c t i o n f o r t i s t h e r e f o r e t h e Er lang d e n s i t y , 
a 
D(Dt ) Q - r - X e " D t a 
f ( t ) = % , (kk) 
r v ^ a ; ( Q - r - l ) ! K J 
I f we l e t t^ r e p r e s e n t t h e t i m e , measured from t h e t i m e i n v e n t o r y J 
r e a c h e s M , u n t i l t h e c u t o f f t i m e , T ^ , then t h e p r o b a b i l i t y d e n s i t y 
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f u n c t i o n f o r t . i s f ( t . + T . ) 3 s i n c e T , . i s a c o n s t a n t . 1 r v 1 j i " J i 
Assume t h a t i n v e n t o r y i i s not a l l o w e d t o s h i p so much t o j 
t h a t y^ - <. . Then f o r a g i v e n t^ t h e p r o b a b i l i t y t h a t i n v e n t o r y 
i r e a c h e s M. b e f o r e t h e c u t o f f t i m e i s P ( y . - x . _ - M . , D . t . ) . T h e r e -I i i j I I I 
f o r e , t h e e x p e c t e d c o s t i f i n v e n t o r y i r eaches JVL b e f o r e t h e c u t o f f 
t i m e i s 
We must now compute t h e e x p e c t e d c o s t when i n v e n t o r y i does no t 
r e a c h ML b e f o r e t h e c u t o f f t i m e but when s h o r t a g e s occur a f t e r t h e 
c u t o f f t i m e . Let u r e p r e s e n t t h e on-hand i n v e n t o r y i n i a t t i m e T ^ , 
t h e c u t o f f t i m e . By a s s u m p t i o n , u > M^. For a g i v e n u , t h e e x p e c t e d 
number o f s h o r t a g e s b e f o r e t h e a r r i v a l o f t h e f i r s t increment o f t h e 
n e x t a l l o c a t i o n i s 
( y . - x . j 5 t . ) = E 3 . jQ P ( y . 
- X ' i j 




The u n i t y e a r s o f s h o r t a g e can be e x p r e s s e d a s 
51 
J J I Y U - u ) vU> V ± t ) dt, (h7) 
o ' 
£=^u+l 
L e t t i n g TT̂  and TL r e p r e s e n t t h e c o s t p e r backorder and per u n i t y e a r 
o f s h o r t a g e i n i n v e n t o r y i , we have t h e e x p e c t e d c o s t f o r a g i v e n u , 
W ^ ( u ) , e q u a l t o TT̂  t i m e s e x p r e s s i o n k-6 p l u s -n\ t i m e s e x p r e s s i o n hf. 
T h e r e f o r e , t h e e x p e c t e d c o s t a r i s i n g when 1VL i s no t r e a c h e d b e f o r e t h e 
c u t o f f t ime b u t when s h o r t a g e s o c c u r a f t e r t h e c u t o f f t i m e i s 
r i
( 2 ) (u . - x . 3 , t . ) - J" I ^ W. ( u ) P ( u , D . T j . ) . . . ( W ) 
° u = M . + l 
l 
. . . x p ( y . - x . , - u , D. t . ) f ( t . + T • ) d t . . 
Thus t h e e x p e c t e d c o s t o f i n v e n t o r y i f o r t h e remainder o f t h e p e r i o d 
due t o s h o r t a g e s or t o i t s r e a c h i n g i t s M l e v e l i s 
u.(y. - x . , , t . ) = r . ( 1 ) + r . ( 2 ) (h9) i i i.y i i i v ' 1 
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I n t h i s problem we a r e concerned w i t h o n l y two i n v e n t o r i e s . T h e r e f o r e , 
we w i l l assume t h a t once a r e d i s t r i b u t i o n i s made from i t o j during 
a p e r i o d , t h e r e w i l l n e v e r b e a r e d i s t r i b u t i o n from j t o i during t h e 
(1) 
same p e r i o d . C o n s e q u e n t l y , R = 0 which w i l l , i n t u r n , make r \ = Q. 
T h e r e f o r e , e q u a t i o n ^9 becomes 
u. (y. - x . _ , t.) = p. ̂  (y. - x._, t.). (50) 
We now r e t u r n t o i n v e n t o r y j t o compute t h e e x p e c t e d c o s t s p e r ­
t i n e n t t o t h a t i n v e n t o r y . A r e d i s t r i b u t i o n from i t o j t h a t i s made 
a t t i m e t w i l l n o t reach i n v e n t o r y j u n t i l t + T .^» S i n c e n o t h i n g can 
be done about s h o r t a g e s t h a t occur i n J during t h e j . b e f o r e t h e 
a r r i v a l o f t h e r e d i s t r i b u t i o n , t h e s e c o s t s need not be c o n s i d e r e d . 
I f M i s t h e on-hand i n v e n t o r y a t J a t t h e t i m e a r e d i s t r i b u t i o n i s 
J 
c o n s i d e r e d , t h e on-hand i n v e n t o r y a t J i m m e d i a t e l y a f t e r a r e d i s t r i ­
b u t i o n a r r i v e s i s 
9 = + x ± - w (51) 
where w i s t h e demand a g a i n s t J i n t h e r e d i s t r i b u t i o n l e a d t i m e . The 
v a l u e o f 9 w i l l depend on x. and w and can be i n one o f two r a n g e s : 
1 j 
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( a ) 9 = M , o r ( b ) e < M^. 
I n t h e f i r s t c a s e , 9 = M^, terms 4 5 and k-8 a l s o a p p l y , e x c e p t 
t h a t y . - x i s r e p l a c e d b y 0 and t . i s r e p l a c e d b y t - T . H e n c e 
-̂ -J J i j 
f o r a g i v e n w , t h e e x p e c t e d c o s t i s t h e e q u i v a l e n t o f e q u a t i o n h$9 i . e . , 
U j ( e ? t - T I J ) . I f we a v e r a g e o v e r w we g e t t h e f o l l o w i n g e x p e c t e d 
c o s t a t j a r i s i n g from c a s e ( a ) : 
T a = I P ( w , D J T I J ) U J ( M J + X I J 
w=0 
V , t ( 5 2 ) 
For t h e c a s e when 9 < M r e c a l l t h a t t h e r u l e was made t h a t no 
a d d i t i o n a l r e d i s t r i b u t i o n s w i l l be c o n s i d e r e d i n t h e p e r i o d . Then f o r 
a g i v e n t ^ , t h e e x p e c t e d s h o r t a g e c o s t s o f 9 = 0 w i l l b e o f t h e form 
W ( 9 ) e x c e p t t h a t t h e t i m e i s not T bu t t + T . , = t . I t i s a n t i -
J J 1 j ! j a 
c i p a t e d t h a t t h e e f f e c t o f t h e e n t i r e c o s t term f o r 0 < M, w i l l be 
c o m p a r i t i v e l y s m a l l and t h a t t h e p o r t i o n o f t h e t erm f o r 9 < 0 w i l l be 
n e g l i g i b l e . T h e r e f o r e , t h e computat ions f o r 9 < 0 w i l l be o m i t t e d . 
However, the c o n t r i b u t i o n f o r 0 = 9 < i s 
M . + x . . 
I VMJ + XiJ - W ) p("> ViJ } f A + T I J ) « (53) 
0 ,n w = x . , + 1 
6O 
The e x p e c t e d c o s t s f o r i n v e n t o r y j can now be w r i t t e n 
V ( x + M ) = Y a + T b (5U) 
A l l t h e c o s t terms have now been e v a l u a t e d . The e x p e c t e d c o s t s 
o f r e d i s t r i b u t i o n p l u s c o s t s o f r e a c h i n g t h e M l e v e l s and t h e c o s t o f 
s h o r t a g e s l a t e r i n t h e p e r i o d a r e 
f o r i , J = 1 , 2 and i ^ J . T h i s f u n c t i o n must be m i n i m i z e d t o f i n d 
ihe o p t i m a l r e d i s t r i b u t i o n r u l e , i . e . , t h e v a l u e s o f x ^ ( i , J = 1 , 2 
and i / 3 ) . 
Development o f t h e A l l o c a t i o n Rule Model 
A q u a n t i t y Q i s o r d e r e d each t i m e t h e system i n v e n t o r y p o s i t i o n 
f a l l s t o a v a l u e k . S ince we have two i n v e n t o r i e s , i t i s n e c e s s a r y t o 
a l l o c a t e a p o r t i o n o f Q t o e a c h . S i n c e i t i s d e s i r a b l e t o d e l a y t h e 
a l l o c a t i o n d e c i s i o n a s long as p o s s i b l e , we w i l l assume that t h e 
a l l o c a t i o n d e c i s i o n f o r our problem i s made a t t h e t i m e t h e f i r s t 
increment o f Q i s r e a d y t o be sh ipped t o t h e two i n v e n t o r i e s . Let 
be t h e amount a l l o c a t e d t o i n v e n t o r y 1 and be t h e amount a l l o ­
c a t e d t o i n v e n t o r y 2 such t h a t Q.. + Q,Q = Q. 
( 5 5 ) 
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The o p t i m a l a l l o c a t i o n w i l l be t h e one t h a t m i n i m i z e s t h e c o s t s 
o f t r a n s p o r t a t i o n from the source p l u s t h e e x p e c t e d c o s t s o f r e a c h i n g 
t h e M l e v e l s o r o f s h o r t a g e s i n t h e p e r i o d u n t i l t h e n e x t a l l o c a t i o n . 
The t r a n s p o r t a t i o n c o s t s from t h e source a r e assumed t o be c o n s t a n t 
amounts p e r u n i t s h i p p e d , i . e . , C g l d o l l a r s per u n i t sh ipped t o 
i n v e n t o r y 1 and p e r u n i t sh ipped t o i n v e n t o r y 2 . T h e r e f o r e the 
t r a n s p o r t a t i o n c o s t s can be w r i t t e n 
Suppose t h a t i s t h e i n v e n t o r y on hand a t j when t h e a l l o ­
c a t i o n i s t o be made ( i f t h e r e i s a b a c k l o g , y w i l l be n e g a t i v e and 
j 
t h e number o f b a c k o r d e r s w i l l be - y ^ ) . I t w i l l be assumed t h a t no 
r e d i s t r i b u t i o n s w i l l t a k e p l a c e dur ing t h e t ime a l l o c a t i o n s a r e b e i n g 
r e c e i v e d from t h e f a c t o r y . I t has a l s o been assumed e a r l i e r t h a t maxi­
mum on hand i n v e n t o r y during any p e r i o d o c c u r s a t t h e t i m e o f r e c e i p t 
o f t h e l a s t increment o f an a l l o c a t i o n from t h e f a c t o r y , i e . , 
The on hand i n v e n t o r y i n j a t t i m e T i s t h e g = y + - where 
mj j j j j 
Zj i s t h e demand i n t i m e T m j « T ^ e e x p e c t e d c o s t s o f r e a c h i n g t h e M 
l e v e l s and o f s h o r t a g e s v a r y , depending on whether ( a ) g , = M o r 
J J 
( b ) 0 = g < M . . I t w i l l be assumed t h a t c a s e s where t h e r e a r e s t i l l 
J J 
b a c k l o g s a f t e r c o m p l e t i o n o f a l l o c a t i o n s can b e i g n o r e d . 
Let us f i r s t c o n s i d e r c a s e ( a ) where g . = 1VL, For a g i v e n z . 
J J J 
t h e p r o b a b i l i t y t h a t i s reached b e f o r e t h e c u t o f f t i m e , i s 
62 
t h e p r o b a b i l i t y t h a t y + Q - z - M u n i t s a r e demanded i n a g i v e n 
J J J J 
t ime T ^ - T . , where T , i s assumed t o be a lways g r e a t e r than T . . 
c j m j ' c j J & mj 
Then t h e e x p e c t e d c o s t o f r e a c h i n g M , a f t e r a v e r a g i n g o v e r a l l v a l u e s 
J 
o f and T . , i s 
j c j ' 
R . , y 
z = 0 
Ptyi + V ZJ " V DJ(TcJ - f(TcJ + TcJ> d Tcr (57) 
I f we l e t W ( u ) r e p r e s e n t t h e same as i n e x p r e s s i o n 1+8, t h e e x p e c t e d 
J 
c o s t o f s h o r t a g e s l a t e r i n t h e p e r i o d i s 
y. 
V V M 3 
.CO y W ^ u ) p(u, D T i J ) . . . (58) 
u = M j + l 
Adding e x p r e s s i o n s 57 and 58 we f i n d t h a t t h e e x p e c t e d c o s t o f r e a c h i n g 
t h e M l e v e l and o f s h o r t a g e s f o r c a s e ( a ) i s 
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Y i ( s i } = Y i ( 1 ) ki> + Y x ( 2 ) (g ) . (59) 
For c a s e ( b ) where 0 = g j < K 9 t h e e x p e c t e d c o s t can b e e x p r e s s e d 
a s 
V f<T - V d<T " V ( 6 0 ) 
The t o t a l c o s t t o be min imized i s then 
H 
2 2 
( g r g 2 ) = C s l Q l + C S 2 Q 2 + £ y x ( g j ) + £ Y 2 ( g j ) (61) 
> where t h e Qj = 0 must a l s o s a t i s f y 
>1 + Q 2 (62) 
F u n c t i o n 6 l must be min imized i n t h e p r e s e n c e o f c o n s t r a i n t 62 t o 
o b t a i n t h e o p t i m a l a l l o c a t i o n r u l e ; i . e . , how much t o b e s e n t t o 
6k 
e a c h one o f t h e i n v e n t o r i e s . 
Development o f t h e Warehouse C o n s t r a i n t F u n c t i o n 
The f i n a l s t e p i n t h e development o f a sys tem model w i t h s t o ­
c h a s t i c demands i s t h e f o r m u l a t i o n o f a f u n c t i o n t o r e p r e s e n t t h e c o n ­
s t r a i n t imposed on t h e system by t h e l i m i t e d amount o f warehouse space 
a v a i l a b l e . As i n t h e d e t e r m i n i s t i c m o d e l , t h e maximum on hand i n v e n ­
t o r y f o r the system must be no l a r g e r than t h e warehouse s p a c e , W. 
I f we a g a i n l e t w^ and w^ r e p r e s e n t t h e amount o f warehouse space p e r 
u n i t consumed by p r o d u c t s 1 and 2 r e s p e c t i v e l y , then f o r a g i v e n z ^ 
and a g i v e n z^ we have 
w l g l + w 2 g 2 ^ ¥ ^ 
where g . ( j = 1 , 2 ) i s t h e maximum on hand i n v e n t o r y a c h i e v e d upon t h e 
J 
r e c e i p t o f t h e l a s t increment o f an a l l o c a t i o n a t i n v e n t o r y j . I f we 
a v e r a g e o v e r t h e p o s s i b l e v a l u e s o f z , t h e warehouse c o n s t r a i n t i s 
J 
2 V S 
J = l z = 0 
Cur mode l f o r t h e sys tem w i t h s t o c h a s t i c demands i s now com­
p l e t e . The comple te mode l i n c l u d e s t h e t o t a l c o s t f u n c t i o n ( e q u a t i o n 
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1+2), the r e d i s t r i b u t i o n r u l e f a c t i o n ( e q u a t i o n 55)? t h e a l l o c a t i o n 
r u l e f u n c t i o n ( e q u a t i o n s 6 l and 62), and t h e c o n s t r a i n t f u n c t i o n 
( e q u a t i o n Sk). 
I n t h e g e n e r a l c a s e o f t h e t o t a l c o s t f u n c t i o n , e q u a t i o n h29 
d e t e r m i n i n g t h e o p t i m a l Q and k would be q u i t e d i f f i c u l t . Numer ica l 
o r Monte C a r l o s i m u l a t i o n p r o c e d u r e s would be n e c e s s a r y . In an e f f o r t 
t o s i m p l i f y e q u a t i o n h2 t o make a s o l u t i o n more e a s i l y o b t a i n e d we 
w i l l make some s i m p l i f y i n g assumpt ions t o reduce t h e c o m p l e x i t y o f 
t h e m o d e l . These as sumpt ions w i l l be s i m i l a r t o t h o s e made by H a d l e y 
and W h i t i n i n t h e s i m p l i f i c a t i o n o f t h e i r mode l (12) . 
The f i r s t a s sumpt ion t h a t we w i l l make i s t h a t i n s t e a d o f a l l o ­
c a t i o n s a r r i v i n g a t t h e warehouse i n i n c r e m e n t s o v e r a p e r i o d o f t i m e 
t h e e n t i r e l o t Q a r r i v e s s i m u l t a n e o u s l y . In o t h e r words we a r e no 
l o n g e r c o n s i d e r i n g a f i n i t e p r o d u c t i o n r a t e as a f a c t o r . T h i s w i l l 
cause t h e T _ f s t o be z e r o s i n c e t h e maximum on hand i n v e n t o r y , g_, 
w i l l o c c u r i m m e d i a t e l y upon d e l i v e r y o f an a l l o c a t i o n . 
Let S b e t h e s a f e t y s t o c k f o r i n v e n t o r y j . S i n c e t h e a v e r a g e 
J 
l e n g t h o f a p e r i o d i s Q/D y e a r s and t h e a v e r a g e demand a t j f o r t h e 
p e r i o d i s D Q/D, t h e a v e r a g e amount a l l o c a t e d t o i n v e n t o r y j from 
J 
each procurement i s D J Q / D . T h e r e f o r e t h e mean o f t h e d i s t r i b u t i o n 
p ( g - ) i s s * + D Q/D. I f t h e a v e r a g e l e a d t i m e demand i s DT t h e n i t 
f o l l o w s t h a t 




We s h a l l now u s e t h e a v e r a g e amount on hand i m m e d i a t e l y a f t e r an a l l o ­
c a t i o n , r a t h e r than t h e e n t i r e d i s t r i b u t i o n , p ( g , ) . We w i l l a l s o make 
t h e terms i n v o l v i n g system and i n v e n t o r y s h o r t a g e s and we w i l l i g n o r e 
t h e c o n t r i b u t i o n s o f t h e e x p e c t e d b a c k l o g terms t o t h e i n v e n t o r y 
c a r r y i n g c o s t s . W i t h t h e s e a s sumpt ions e q u a t i o n s 35 and ho become 
r e s p e c t i v e l y , 
R. -D 
( 1 ) = ^1 
Q P (
S j + y - M j , D T c J ) f ( T c J + T i J ) d T c J (66) 
and 
( 2 ) _ 
D Q 
Vj I P ( S 3 + " M3 + X' Y=J)P(MJ 
x = l 
x + l ) , D j T i J ) . . ( 6 7 ) 
P ( S , + - J - - M . , D .T _) f (T , + T . J dT . . 
I n a d d i t i o n , t h e f o l l o w i n g terms i n K ( e q u a t i o n 29) go t o z e r o : 
k+Q 00 
I £ y ( x - J ) p ( x , D T ) = 0 
J=k+1 x = J + l (68) 
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and 
„ k+Q o  § £ y ( x - 3 ) p (x , D T ) = 0 . ( 6 9 ) 
J = k+1 x = J + l 
I t can be seen t h a t t h e t o t a l c o s t f u n c t i o n ' w i l l s t i l l be q u i t e 
complex . An a d d i t i o n a l a p p r o x i m a t i o n •wi l l be made t o f u r t h e r s i m p l i f y 
TC. I n s t e a d o f a v e r a g i n g o v e r T . , u se t h e mean v a l u e o f T ^ , i . e . , 
c j ' c j ' 9 
( Q / D ) - r±y Thus i f 
X c 3 = [ ( Q / D ) - T . 3 ] ( 7 0 ) 
t h e n e q u a t i o n s 66 and 67 become r e s p e c t i v e l y , 
z w B ^ . p ( S j + _ i . . M x } ( 7 1 ) 
and 
68 
( 2 ) 
- V j I P(SJ + D " M3 + X ' V ( 7 2 ) 
I f we make t h e as sumpt ion t h a t g = 0 , i . e . , t h e on hand i n v e n t o r y 
J 
i m m e d i a t e l y a f t e r r e c e i v i n g an a l l o c a t i o n cannot he l e s s than z e r o , 
t h e n t h e range o f x i n e q u a t i o n 7 2 i s ( l , 2 , . . . , M ) . W i t h a l l 
J 
t h e above a s s u m p t i o n s t h e e x p e c t e d y e a r l y t o t a l c o s t f u n c t i o n b e c o m e s , 
TC D A 
Q 
+ I C | + i + D T 
2 
I J ) + 1 1 5 [ G ( 
2 
I ( 7 3 ) 
D , Q 
G ( Q + DT + £ S ) ] + I P ( S J + J - . M X ) • . . 
M. 
R . - D D . Q 
x = l 
The c o n s t r a i n t f u n c t i o n ( e q u a t i o n 6h) w i l l a l s o change as a 
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r e s u l t o f t h e a s sumpt ions we have made. S i n c e t h e maximum on hand 
i n v e n t o r y i s now i m m e d i a t e l y a f t e r t h e r e c e i p t o f an a l l o c a t i o n , z 
J 
i s no l o n g e r a f a c t o r and T _ = 0 . S i n c e t h e mean o f t h e d i s t r i b u t i o n 
mj 
i s S . + D Q/D, t h e warehouse c o n s t r a i n t becomes 
(7h) 
3 = 1 
I f e q u a t i o n s 73 and 7 ^ a r e s o l v e d f o r t h e o p t i m a l v a l u e s o f Q and t h e 




Having completed the formulation of the various models, the 
task now remains to determine the optimal operating po l i cy for the 
system. For our system the optimal operating po l i cy w i l l e n t a i l the 
minimization of the various cost functions that have "been formulated 
in order t o obtain values for the fol lowing quant i t ies : 
Q - The system reorder quanti ty . 
k - The system reorder point . 
Q-̂  - The amount of Q a l located t o inventory 1. 
- The amount of Q, a l loca ted to inventory 2 . 
- The amount t o be redis tr ibuted from inventory i t o 
inventory j ( i , j = 1, 2 and i ^ j ) . 
In ac tua l pract ice few inventory models can be e f f i c i e n t l y 
optimized using purely a n a l y t i c a l techniques. Such i s the case with 
our model. The computer, because of the speed with which i t can 
perform complex mathematical operations, normally plays an important 
r o l e i n the optimization of a l l but the simplest of inventory models. 
The study of our system began by the development of a model for 
determinist ic demands against the inventor ies . Then a model for s t o ­
chast ic demands was developed. This model included a complex t o t a l 
cost function and two separate cost functions for the red i s tr ibut ion 
and a l l o c a t i o n r u l e s . I t was then assumed that f inding the optimal 
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Q and k using the t o t a l cost function for the stochast ic model could 
he quite d i f f i c u l t ( i f not impossible) and c o s t l y . Therefore, some 
simplifying approximations and assumptions were made. In our discuss ion 
of the optimization procedures we w i l l f i r s t consider the determinist ic 
model and second the stochast ic model using the s impl i f ied vers ion of 
the t o t a l cost funct ion. Actual demonstration of the optimization 
procedures for each model w i l l not be undertaken, although each pro­
cedure w i l l be outl ined in general . 
Discussion of Deterministic Model Optimization 
To determine the optimal operating po l i cy for the determinist ic 
system, we must f ind the values for 0,-^, Q^, s^, and Sg that minimize 
equation 13 (the t o t a l cost function) subject to constraint ik ( the 
warehouse constraint funct ion) . For t h i s model the Lagrange Mul t ip l i er 
method would be appropriate. I f we l e t p represent the Lagrange mul t i ­
p l i e r , then the Lagrangian function w i l l be 
K + V + B l + B 2
 + pfoM 1 - ^ ) " s l ] + " W 1 - P5" S 2 > W } ( 7 5 ) 
where K, V, and B^ are equations 7> 8> H > and 12 re spec t ive ly . I f 
we now take p a r t i a l der ivat ives of L with respect to each of the f i v e 
var iables (Q^, G>), s^, s^, and p ) and equate them to zero, we w i l l 
have f i v e equations i n f i v e unknowns. The simultaneous so lut ion to 
these f i v e equations s a t i s f y the necessary conditions for an optimal 
7 2 
p o l i c y . 
These s i m u l t a n e o u s e q u a t i o n s a r e n o n l i n e a r . I t w i l l t h e r e f o r e 
h e n e c e s s a r y t o o b t a i n a n u m e r i c a l s o l u t i o n by use o f t h e computer . 
Most computer sys tems have s o f t w a r e r o u t i n e s c a p a b l e o f s o l v i n g a s e t 
o f n o n l i n e a r s i m u l t a n e o u s e q u a t i o n s . Two we l l -known r o u t i n e s a r e t h e 
Newton-Raphson method and t h e Parameter P e r t u r b a t i o n method ( 1 9 ) . 
Both o f t h e s e methods d e t e r m i n e t h e r o o t s o f a s e t o f e q u a t i o n s by 
u s i n g a f u n c t i o n a l i t e r a t i o n p r o c e s s t h a t s t a r t s from an e s t i m a t e d 
s o l u t i o n . The Newton-Raphson p r o c e s s i s g e n e r a l l y f a s t e r b e c a u s e o f 
a q u a d r a t i c convergence f a c t o r a s opposed t o l i n e a r convergence on 
t h e s o l u t i o n by Parameter P e r t u r b a t i o n . However, f o r t h e Newton-
Raphson method i n i t i a l e s t i m a t e d r o o t s must be s u f f i c i e n t l y c l o s e t o 
t h e t r u e r o o t s i f convergence i s t o b e o b t a i n e d . T h i s r e s t r i c t i o n 
d o e s n o t e x i s t w i t h Parameter P e r t u r b a t i o n method . 
Hav ing found t h e r o o t s t o t h e s i m u l t a n e o u s e q u a t i o n s ( i . e . , t h e 
v a l u e s f o r Q-j_, Q^, s^, s 2 , and p ) , t h e o p t i m a l sy s t em r e o r d e r q u a n t i t y 
i s 0, = Q-j_ + Q^f and t h e o p t i m a l number o f b a c k o r d e r s t o i n c u r f o r t h e 
sy s t em i s b* = s^ + S g . The o p t i m a l a l l o c a t i o n r u l e i s QT_ u n i t s t o 
i n v e n t o r y 1 and "UnAUs t o i n v e n t o r y 2 . The o p t i m a l d i s t r i b u t i o n o f 
b a c k o r d e r s i s s-j_ i n i n v e n t o r y 1 and s 2 i n i n v e n t o r y 2 . I f we assume 
t h a t p r o d u c t i o n l e a d t i m e , T , i s l e s s t h a n T^ + ( s e e F i g u r e 2 ) , 
t h e n t h e o p t i m a l r e o r d e r p o i n t i s 
k = DT - s (76) 
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We have now determined t h e o p t i m a l p o l i c y ( f o r a g i v e n s e t o f 
p a r a m e t e r s ) f o r a system w i t h d e t e r m i n i s t i c demands. I n most c a s e s 
we would be i n t e r e s t e d i n o b s e r v i n g t h e s e n s i t i v i t y o f t h e model t o 
changes i n t h e parameters o f t h e s y s t e m . T h i s can be a c c o m p l i s h e d 
v e r y e a s i l y by a s s i g n i n g d i f f e r e n t v a l u e s t o t h e parameters o f t h e 
model and r e p e a t i n g t h e same r o o t - f i n d i n g p r o c e s s d e s c r i b e d a b o v e . 
An a l t e r n a t i v e method t o s o l v i n g t h e d e t e r m i n i s t i c model i s 
t o u s e some d i r e c t s e a r c h procedure such a s p a t t e r n s e a r c h , m u l t i ­
v a r i a t e g r i d s e a r c h , p a r a l l e l t a n g e n t s , e t c . These methods might 
p r o v e s i m p l e r t o employ. 
D i s c u s s i o n o f S t o c h a s t i c Model O p t i m i z a t i o n 
The model f o r t h e s t o c h a s t i c p r o c e s s c o n s i s t s o f f o u r p a r t s : 
( a ) t h e s i m p l i f i e d t o t a l c o s t f u n c t i o n , ( b ) t h e warehouse c o n s t r a i n t 
i n e q u a l i t y , ( c ) t h e r e d i s t r i b u t i o n f u n c t i o n , and ( d ) t h e a l l o c a t i o n 
f u n c t i o n . The o p t i m a l o p e r a t i n g p o l i c y can b e found through a p r o ­
c e s s c o n s i s t i n g o f t h r e e p h a s e s : 
-X- -X-
(1) Determine t h e v a l u e s o f Q , S^, and S 2 t h a t m i n i m i z e TC 
( e q u a t i o n 73) s u b j e c t t o t h e warehouse c o n s t r a i n t ( i n e q u a l i t y 7*+). 
Using t h e s e r e s u l t s compute k , t h e o p t i m a l r e o r d e r p o i n t . 
(2) Determine t h e v a l u e o f x f , ( i , j = 1, 2 and i ^ j ) t h a t 
m i n i m i z e s R ( x ^ ) ( e q u a t i o n 55). 
(3) Determine t h e v a l u e s o f and t h a t m i n i m i z e H (g^, g^) 
( e q u a t i o n 6 l ) s u b j e c t t o t h e c o n s t r a i n t ( e q u a t i o n 62). 
-X- -X-
D e t e r m i n a t i o n o f Q, and k 
I n s p i t e o f t h e s i g n i f i c a n t r e d u c t i o n i n c o m p l e x i t y o f t h e 
s i m p l i f i e d , t o t a l c o s t f u n c t i o n from t h e o r i g i n a l ( e q u a t i o n h-2), i t i s 
s t i l l s u f f i c i e n t l y complex t o p r o h i b i t t h e use o f an a n a l y t i c a l 
approach s i m i l a r t o t h a t used f o r t h e d e t e r m i n i s t i c m o d e l . However, 
s i n c e we a r e i n t e r e s t e d i n de termin ing t h e v a l u e s f o r o n l y t h r e e 
v a r i a b l e s (Q , S^, and S ^ ) , a n e a r - o p t i m a l s o l u t i o n may b e found 
t h r o u g h t h e u s e o f s e a r c h t e c h n i q u e s . 
One approach would be t o e v a l u a t e t h e c o n s t r a i n e d f u n c t i o n , 
TC, o v e r a range o f v a l u e s f o r t h e v a r i a b l e s ( Q , S^, and S g ) . That 
i s , f o r each combinat ion o f Q, S^, and S^, compute a v a l u e f o r TC. 
S ince many o f t h e parameters a r e random v a r i a b l e s , i t w i l l be 
n e c e s s a r y t o r e p l a c e them by t h e i r e x p e c t a t i o n s . The v a l u e s o f 
Q,, S^, and S^ t h a t r e s u l t i n a minimum TC w i l l b e c o n s i d e r e d t h e 
optimum v a l u e s . 
A g a i n , model s e n s i t i v i t y can be t e s t e d by changing t h e p a r a ­
m e t e r i n p u t t o t h e program and making a d d i t i o n a l r u n s . I n u s i n g t h e 
above approach t o f i n d i n g Q* and k * , c a u t i o n must b e u s e d i n t h e 
s e l e c t i o n o f ranges f o r t h e v a r i a b l e s . For c e r t a i n s y s t e m s , I f the 
r a n g e s a r e made t o o narrow, we run t h e r i s k o f f i n d i n g a l o c a l 
minimum f o r TC i n s t e a d o f t h e g l o b a l minimum. T h i s problem would 
a p p l y e s p e c i a l l y t o sys tems d e a l i n g w i t h l a r g e numbers o f p r o d u c t s 
where Q c o u l d c o n c e i v a b l y t a k e on a v e r y wide range o f v a l u e s . I n 
such a s i t u a t i o n we would i n i t i a l l y s t a r t w i t h v e r y w i d e ranges f o r 
t h e v a r i a b l e s and u s e l a r g e i n c r e m e n t a l s t e p s i z e s f o r t h e v a r i a b l e s 
w i t h i n t h e s e l e c t e d ranges t o a v o i d o v e r - u s i n g t h e computer . T h i s 
would g i v e us t h e g e n e r a l area o f t h e g l o b a l minimum. The n e x t s t e p 
would be t o examine t h e f u n c t i o n around t h e g e n e r a l l o c a t i o n b y 
75 
r e d u c i n g t h e s t e p s i z e s and examining o n l y t h e ranges o f v a l u e s f o r 
t h e v a r i a b l e s t h a t a r e i n t h e g e n e r a l a r e a o f t h e g l o b a l minimum, 
To demonstra te t h e n a t u r e o f t h e t o t a l c o s t f u n c t i o n and t o 
make t h e d e c i s i o n v a r i a b l e s more i d e n t i f i a b l e , i t might b e h e l p f u l 
t o a s s i g n v a l u e s t o t h e p a r a m e t e r s . T h e r e f o r e , l e t t h e parameters 
have t h e f o l l o w i n g v a l u e s : 
D = 1 0 , 0 0 0 u n i t s p e r y e a r 
A = hOO d o l l a r s p e r o r d e r 
I = . 5 
C = . 5 0 d o l l a r s p e r u n i t 
T = . 0 0 5 y e a r s 
ff = ^ . 0 0 d o l l a r s p e r b a c k o r d e r 
= 100 u n i t s 
= 50 u n i t s 
D^ = 7000 u n i t s per y e a r 
Dp = 3 0 0 0 u n i t s p e r y e a r 
= ' 0 ° 3 y e a r s 
T 2 = . 0 0 1 y e a r s 
Tf = 3 . 0 0 d o l l a r s p e r b a c k o r d e r 
rr 2 = ^ . 0 0 d o l l a r s p e r b a c k o r d e r 
= . 1 0 d o l l a r s p e r u n i t 
= . 0 5 d o l l a r s per u n i t 
S u b s t i t u t i n g t h e above v a l u e s i n t o TC ( e q u a t i o n 7 3 ) ? we o b t a i n t h e 
f o l l o w i n g f u n c t i o n : 
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TC = + . 2 5 ( | + 50.5 + S l + S 2 ) + " 50 P(50 + S 1 + S 2 , 50) 
- (50 + S 1 + S 2 ) P(51 + S 1 + S 2 , 5 0 ) - 50 P(50 + Q + S ] L + S G , 50) 
+ (50 + Q + S-j^ + S 2 ) P(51 + Q + S 1 + S 2 , 50) 
+ P [ S X + .7Q - 100, 7000 - .001) ] { 
100 
+ 21,000 £ p S 1 + 7Q + x - 100 , 7000 ( 1 Q ^ Q 0 - -OOl) P(l01 - x , 7 ) } 
x = l 




+ 12,000 y p 
x = l 
S 2 + .3Q + x " 5 0 > 3 0 0 0 ( i 4 o o " - 0 0 3 ) ] p ( 5 1 " X> 9 ) } 
I t can be seen t h a t TC i s s t i l l q u i t e complex , and l i t t l e i n s i g h t i s 
g a i n e d i n t o t h e b e h a v i o r o f t h e f u n c t i o n . 
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D e t e r m i n a t i o n o f x . 
Having found a v a l u e f o r Q , we can now p r o c e e d w i t h e v a l u a t i o n 
-# 
o f x , t h e o p t i m a l q u a n t i t y t o r e d i s t r i b u t e from i n v e n t o r y i t o i n v e n -
t o r y j where i , j = 1 , 2 and i ^ J . Note t h a t s i n c e Q i s one o f t h e 
parameters f o r R ( x ^ ) , i t s o p t i m a l v a l u e must be de termined f i r s t . 
The q u e s t i o n o f whether o r not a r e d i s t r i b u t i o n i s t o be made i s no t 
c o n s i d e r e d u n t i l one o f t h e two i n v e n t o r i e s r e a c h e s i t s M l e v e l p r i o r 
t o t h e c u t o f f t i m e . A t t h a t t i m e t h e computat ion i s made t o d e t e r ­
mine t h e v a l u e o f x ._ t h a t m i n i m i z e s R ( x . I t s h o u l d be no ted h e r e 
t h a t x . i s a s i n g l e v a r i a b l e ; i . e . , i f i n v e n t o r y 1 has reached i t s 
M l e v e l , then x^^ = x ^ ( i = 2 and j = l); bu t i f , i n s t e a d , i n v e n t o r y 
2 has r e a c h e d i t s M l e v e l , then x . , = x n 0 ( i = 1 and j = 2 ) . T h u s , 
i j 1 2 ° ' 
R ( x ^ j ) has o n l y one v a r i a b l e , namely 
S i n c e R ( x ^ ) i s an even more complex f u n c t i o n than TC, we must 
a g a i n r e s o r t t o a n u m e r i c a l s o l u t i o n approach u s i n g computer s e a r c h 
t e c h n i q u e s . However, t h e p r o c e s s h e r e i s s i m p l e r b e c a u s e R ( x ^ j ) i s 
u n c o n s t r a i n e d and has o n l y one v a r i a b l e ( x . ) t o contend w i t h . The 
b a s i c approach i s t h e same as t h a t u s e d f o r f i n d i n g Q . E v a l u a t e 
R ( x . ) f o r a g i v e n s e t o f parameters and o v e r t h e d e s i r e d range o f 
•J- J 
x . , ' s . A g a i n , s i n c e many o f t h e parameters a r e random v a r i a b l e s , i t 
w i l l be n e c e s s a r y t o r e p l a c e them w i t h t h e i r e x p e c t e d v a l u e s . The 
v a l u e o f x . . t h a t r e s u l t s i n a minimum R ( x . J w i l l be c o n s i d e r e d t h e 
optimum v a l u e . 
S e n s i t i v i t y a n a l y s i s o f R(x ) must be c o o r d i n a t e d w i t h t h a t 
f o r TC s i n c e t h e parameter v a l u e s f o r b o t h must be t h e same. However, 
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t h e same b a s i c procedure w i l l be used a s f o r TC. A g a i n , c a u t i o n must 
be e x e r c i s e d i n t h e s e l e c t i o n o f ranges f o r x^^ b e c a u s e o f t h e p o s s i b l e 
l o c a l v e r s u s g l o b a l minimum dilemma. 
•X- "X" 
D e t e r m i n a t i o n o f and 
The f i n a l s t e p i n de termin ing t h e o p t i m a l o p e r a t i n g p o l i c y i s 
t h e a l l o c a t i o n d e c i s i o n , i . e . , t h e amount o f Q, t o a l l o c a t e t o i n v e n t o r y 
1 (Q,^) and t h e amount o f Q t o a l l o c a t e t o i n v e n t o r y 2 (Q - = Q ^ ) . 
The d e c i s i o n must be made f o r each c y c l e s i n c e and w i l l v a r y 
due t o t h e random n a t u r e o f demands a g a i n s t each i n v e n t o r y and due 
t o t h e r e d i s t r i b u t i o n d e c i s i o n f o r t h e p r e v i o u s c y c l e . A g a i n , s i n c e 
Q i s one o f t h e parameters o f H ( g ^ , g ^ ) ? i t s o p t i m a l v a l u e must be 
computed f i r s t . A l s o , and Qg must s a t i s f y t h e c o n s t r a i n t , 0,^ + 0,^ = 
Q. 
W i t h t h e above q u a l i f i c a t i o n s t h e s o l u t i o n p r o c e d u r e i s e x a c t l y 
•X- "X- -x-
t h e same a s t h a t used f o r f i n d i n g Q , S^, and S^. The v a l u e s o f 
and t h a t r e s u l t i n a minimum H(g^9 g^) and t h a t s a t i s f y t h e con­
s t r a i n t w i l l be c o n s i d e r e d t h e optimum v a l u e s . 
S e n s i t i v i t y a n a l y s i s o f H ( g ^ , g^) must be c o o r d i n a t e d w i t h t h a t 
f o r TC and R ( x ^ j ) because o f common parameter v a l u e s . The same c a u t i o n 
c o n c e r n i n g l o c a l v e r s u s g l o b a l minimums s h o u l d be o b s e r v e d . 
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CHAPTER V 
CONCLUSIONS AND RECOMMENDATIONS 
Conclusions 
As a re su l t of the research and analys is conducted in the pre­
paration of t h i s study, the following conclusions have been arrived a t : 
1. The multi-warehouse approach to formulating a model i s 
a p p r o p r i a t e for use in s ing le warehouse, multi-product systems where 
products are interchangeable. 
2 . In view of the assumptions made for the determinist ic model, 
red i s tr ibut ion between inventories can be disregarded as a fac tor in 
determining the optimal p o l i c y . 
3. The system models are of su f f i c i en t complexity to make the 
optimization process one of considerable d i f f i c u l t y . 
a . The Lagrange Mul t ip l i er method can be used for the deter­
minis t i c model; however, the set of simultaneous equations formed by 
se t t ing the p a r t i a l der ivat ives equal t o zero must be solved using 
d i g i t a l computer techniques. As an a l t erna t ive , d irect search tech­
niques may be employed t o obtain a near-optimal pol icy„ 
b . An optimal po l i cy cannot be found a n a l y t i c a l l y for the 
s tochast ic model, but a near-optimal po l i cy can be establ ished using 
search techniques. 
k. Finding an optimal operating po l i cy for the s tochast ic 
model i s great ly s impl i f ied by one's a b i l i t y t o decompose the model 
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in to three sub-models that can be deal t -with separately: (a) the 
t o t a l cost function and warehouse constraint , (b) the red i s tr ibut ion 
ru le function, and (c) the a l l o c a t i o n rule function. 
5. The inventory system for which we have developed a model 
has several conceivable appl icat ions t o inventory s i tuat ions that 
ac tua l ly e x i s t in industry. 
6 . The models developed in t h i s study substantiate the conten­
t i o n that models for comparatively simple inventory systems can be of 
considerable complexity. 
Recommendations 
As a re su l t of information gained from t h i s study, i t i s recom­
mended that the following associated areas be considered as poss ib le 
areas for future invest igat ion: 
1. Conduct optimization experiments for the models that have 
been formulated in t h i s study. Compare the e f f i c i ency of the simul­
taneous equation approach, grid search, and other d irect search methods 
such as pattern search and p a r a l l e l tangents . Se lec t the approach 
that o f f ers the best o v e r a l l r e s u l t s with respect t o speed, accuracy, 
and ease of computation. 
2 . For a common set of parameters compare the optimal po l i cy 
obtained for the determinist ic model with optimal po l i cy obtained for 
the s tochast ic model. Since the determinist ic model i s much simpler 
t o work with than the stochast ic model, i t would be preferable t o use 
i t t o represent the system rather than the s tochast ic model. I f the 
optimal po l i cy found using the determinist ic model i s reasonably c lose 
« 
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t o the po l i cy found using the stochast ic model, then the use of the 
determinist ic model to represent the system i s j u s t i f i e d . 
3. Perform s e n s i t i v i t y analys is on each model to determine 
how changes in the parameters a f f e c t the optimal p o l i c i e s . I t i s 
poss ib le that changes in some of the parameters of the system can 
r e s u l t in very s ign i f i cant reductions in c o s t s . The process of a l t e r ­
ing the parameters would involve only the changing of the data input 
t o the program. 
k. Develop a model which assumes that the quantity demanded 
at each demand i s a random v a r i a b l e . This would, be a refinement t o 
make the model even more representative of the true system s ince , in 
r e a l i t y , the quantity of each demand i s often more than one. 
5. Develop a model for a system in which periodic review of 
inventory l e v e l s i s made and an order-up-to-R reorder po l i cy i s used. 
Compare t h i s model with the l o t - s i z e , reorder-point model developed 
in t h i s study. I t may be found that the order-up-to-R model i s simpler 
to formulate while s t i l l providing an operating doctrine that compares 
favorably with the l o t - s i z e , reorder-point p o l i c y . 
6 . Develop a model using heur i s t i c techniques. Compare the 
r e s u l t s obtained using t h i s model with those obtained form the mathe­
mat ica l models. I f the simpler heur i s t i c model produces s u f f i c i e n t l y 
accurate r e s u l t s , use i t t o represent the system. 
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